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ON THE RELATION BETWEEN THE THREE-PARAMETER GROUPS 
OF A CUBIC SPACE CURVE AND A QUADRIC SURFACE* 


BY 


A. B. COBLE+ 


§ 1. Statement of the problem. t 


As is well known, there is a three-parameter group, G,, of projective trans- 
formations which leaves unaltered a cubie curve, C*, in a space of three dimen- 
sions, S,. The group, F,, of algebraic transformations, reciprocal to G, also 


leaves C* unaltered. 

The six-parameter projective group which leaves a quadric, Q, in a three 
dimensional space, 2,, unaltered contains two three-parameter subgroups, I’, 
and ®,, each of which is defined by its leaving unaltered every one of a set of 
generators of Q. 

That the groups G, and T’, are similar Lie has pointed out. He has given 
also a transformation which carries the one group into the other. But the 
form of this transformation is not such as to permit of an easy discussion of its 
properties. It is the object of this paper to set forth a transformation, 7’, which 
carries G, into I’,, in such a form that its effect upon the various manifolds in 
S, and =, may be more easily studied. This object will be effected by first 
obtaining the integral equations of G, and IT, in readily comparable forms. 
Possibly the chief interest of the method lies in the fact that the algebraic trans- 
formation 7’ will also transform the projective group ®, into the algebraic 
group F. Properties of F, may then through the knowledge of 7’ be inferred 
from those of ®,. 

§2. The trilinear binary form. 
The general trilinear binary form, written symbolically as 
A = (ar) By)(12), 
involves homogeneously eight constants—its system of coefficients. If these 
coefficients or properly selected linear combinations of them be considered as 

* Read before the American Mathematical Society December 23, 1904. Received for publica- 
tion February 18, 1905. 

+ Of the Carnegie Institution, Washington, D. C. 


t The author is indebted to Professor Stupy for the suggestion of the problem and the method 
of treatment employed. ’ 
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coordinates in a linear seven-dimensional space, S_, we obtain a one-to-one 
correspondence between the points of S, and the totality of forms A. Expand- 
ing A according to the CLEBscH-GORDAN formula, we have 

A= A, + A,, 
where 


(ax) (Bz) (vy) + (22) (By) (yx) + (ay) (Bx 
(yz) ( By) (am) + (2 )(ya) (By) + 


om 


A, = 3 


( px)’ = (ar)( Bx) (yr) then A, =(pr)( py)( pz). 
Hence A, and A, each depend homogeneously upon four constants: the former 
upon the coefficients of the cubic ( px)’; the latter upon the six quantities 
(By)a,, (y#)8,, and (a8)y, (c= 1, 2), among which exist the two linear 
relations given by the identical vanishing of 


(By) (ax) + (yx) (Br) + (a8)(yr). 


In the aggregate of forms A occur two special linear aggregates: that of the 
forms .1, represented by the points of a three-dimensional spread, S,, in S_; and 
that of the forms A, represented by the points of a three-dimensional spread, 
x,, in S. Since A, and A, do not vanish simultaneously, S, and X, are skew 
spaces. Ifthe forms A (2, y, and z considered cogredient) be transformed by 
the general binary projective group, the space S_ is transformed by a three- 
parameter projective group, which, in the invariant space S,, leaves a cubic 
space curve unaltered and, in the invariant space =, leaves a quadrie unaltered 


—the quadrie 
(By)(aB')( = (yx) (By )( = (4B) (92 )( = 0. 


The trilinear form has now served its purpose in having suggested the fol- 
lowing codrdinate systems in S, and =. In S, we take as the codrdinates of 
a point the coefficients of a binary eubie form, ( pr)’. In 2, we take as the 
codrdinates of a point the six quantities /,, m,, n, (¢= 1, 2), connected by the 


(Lr) + (mv) + (nv) 


identity 


$3. The group G, and its invariant systems of manifolds in S,. 

The representation of points in an S, by binary cubie forms is well known, 
For our present purposes we use the following notation for the comitants of 
the cubie and resolution of the cubic into its linear factors given by E. Srupy.* 
We take 

f= p=(pe ( prey, 6= (dx 3 ( pp’ pe 


American Journal of Mathematics, vol. 17 (1895), p. 187. 
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q = (qr) = 2(p,8)=(pp' 
r=3(p,q) = 2(88') = 3 
The syzygy between these forms is 


4+ 
whence 
— 48 = (q+ V —rf}{q—-V 


The linear factors (ox) and (7x) of 6 are defined as 


3 | 7 
— rj 
9 (re) = 9 (ox)(tx) = — 6. 


Hence 
(ory (or)’—(tr P= V —rf, 


(or)'=rV (orf =—?r, 


If € is an imaginary cube root of unity and ¢,, €,, €, a cyclical permutation of 
1, €, €, also if €, is the conjugate of €,, three linear forms (Ax), (ua), (vx) are 
defined by the equations 


(or)(Av) = (or) (we) = E,(or) — 
(or)(vr) = €,(or) —e,( tx) ; 
and it follows further that 
= (Ax) + + (ve), 
=r {(mer)( ve) +, (vr) (der) + (Ae) =— 5 Dewy, 


=r (dr) (mer) (me) = 


= — (vr)} — (Ar)} — 


» 


(mr) = (A) = (4). 


om 7 
We can now write the group G, in the form 
(A) = (Ad)(br), (px) = (wd) (dr), (v'x) = (vd)(8x), 
where (dy)(6x) is a general linear transformation in the binary domain. Any 
one of these three identities in 2 is a consequence of the other two. Since the 
forms (Ax), (wv) and (vx) are defined on the supposition that + + 0, the 
group G, in this form is defined only for points in general position. This is 
sufficient however to completely determine the group. 
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Hereafter we consider (px) a variable point (undetermined cubic form) and 
retain for functions of its codrdinates (coefficients) the above notation. The 
forms (p,x)*, (p,«)’, ete., denote fixed points and their comitants are distin- 
guished from those of (pa )* by the use of the respective suffix. A point on C* 
is given simply by a linear form. Then we can state that 

(1) (pp,)’ = 0 is a plane cutting C® in the points (A,x), (Hx), and 
passing through (p,x)’. 

(2) + =0 is the ruled surface of tangents of C* and contains C* as a cuspidal 
edge. Or it is an algebraic surface of the fourth order containing C* as a double 
doubly asymptotic curve. 

Here we understand by an m-tuple p-tuply asymptotic curve on a surface, a 
curve of m-tuple points such that the tangent cone of order m at every point on 
the curve contains the osculating plane of the curve at that point p times. 

(3) (qp,)' = 0 is the polar cubic surface of (p,x)* astor=0. It contains 
C*® as an asymptotic curve but has double points at (A,x), (ya). It 
meets r = O in the three tangents to C® at these double points and in C* taken three 
times. 

(4) = 0, where (ax)? =(a,xr)-(a,a) is a general quadratie binary 
form, is the most general quadric containing C*. The system of generators 
which are chords (double secants) of C* meets C* in pairs of points apolar to 
(ax) =O. The two tangents of C* at (a,x) and (a,x) together with C* taken 
twice form the intersection of (8a)? = 0 andr=0. If (ax)? has a double factor 
(a,x), the quadrie is the cone containing C* with vertex at (a,x). 

If now, for brevity, we write [( pa)* |" for ( pa)*( p’a)®---( and use 
corresponding abbreviations for the other concomitants of ( pa) we can state 
the theorem : 

(5)* The most general algebraic surface of order n in S, can be written 


where n® = 1 and (ax yr?2*"s is a general binary form of that order, the sum- 
mation being extended over all positive integer solutions of n,+2n,4+3n,4+4n,=n. 
(6) The most general algebraic surface bf order n containing C* as an m-tuple 
p-tuply asymptotic curve is that of (5) where the exponents satisfy the further con- 
ditions 
n, +n, + 2n, Sm, n, + 2n, = p (p=m) 


and the summation contains a term satisfying both equalities. 


* Of the above (1), (2), (3) and (4) are well-known manifolds connected with C*. (5) and 
(6) are proved in an article by the author to appear later. The proof of (7) rests simply on the 
application of Aronhold’s process to the comitants of the cubic. The sextic in (7) in con- 
formity with the requirements n, = 1 can be written 


(Sp, )?( ) ) —r- (4p)? (4, = 9. 


| 
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A particular surface which turns up later is 


S°(p,) yy = 0. 
Of this the following properties are easily verified : 
(7) The sextic surface S°( p,) contains C* as a double doubly asymptotic curve 
with triple points at (a,x) and (t,x). At the point (p,x)* it has a triple point. 
The tangent cone at the triple point osculates C* at (¢,x) and (7,2) and cuts it at 


the points given by (q,2)=0. The surface contains the line (p,x) + p(4q,7)° 


as a double line (except for the three triple points). The tangent cone at (q,x) is 
(q,p) = 0 taken twice, 

The system of surfaces S°( p,) is transformed into itself by G, and the group 
is six-tuply transitive with regard to general members of the system. 


§4. The quadrie Q in 2, and the groups I, and 9,. 
A point in =, being given by the coefficients of the three binary forms 


(/x), (max), (nv) for which always the identity 


(1) (la) + (ma) + (nx) = 0 


holds, and therefore 
(2) (mn) = (nl) = (in), 
we have, as the equation of a quadrie Q, 
(3) (mn) = (nl) = (Im) = 0. 
A system of generators, say the h-generators, of Q is given by the identity 
(4) p(lx) + o( max) + t(nx) = 0 (pio:741:1:1) 
By the use of (1), identity (4) may be written in infinitely many forms but we 
shall take usually that one for which p+ o¢+7=0. The h-generators are 
then determined by a binary value system p, o, 7. 
Three of these generators, denoted hereafter by a, 6, and ¢ respectively and 

given analytically by 

— 3(lr) = — 2(lv)+ (mr) + (nv) =0,7 
(5) —3(mr)= (lr) —2(mr)+ (nv) =0, 

—3(nr)= (lr) + (mr) —2(nv)=0, 
will be called the “principal generators.” The Hessian pair b, of 
these three are 
(6) (x) + @(max) + @ (ne) = 0, + @ (mx) + = 0, 
where @ is an imaginary cube root of unity. The generators forming the cubic 
covariant of the principal generators, denoted respectively by a’, b’, ¢’, are 


(7) (mx) —(nx)=0, (na) (lr) =Q, ( —(mx)=0. 


5 
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The second system of generators, say the «-generators, of Q is defined by the 
simultaneous holding of 


(8) (du) =0, (mu) =0, (nu) =0, 


in which u,:u, is an arbitrary but fixed value. Any one equation of (8) is a 


consequence of the other two. The «-system is thus also determined by a 


binary value system u,:u,. The plane 
(9) p(lu) +a(mu) + t(nu) =0 


is a tangent plane of Q containing the h-generator (p, o, 7) and the «-genera- 
tor(w). Then the tangent planes containing a and the «-generator (/'); 6 
and the «-generator (m’) ; ¢ and the «-generator (n’ ) are respectively 
(mm') = 0 and (nn’) = 0 and they meet in the point whose coérdinates are 
(Ua), (ma), (n'a). Thus if the principal generators are fixed as well as a 
binary value system on any one of them then our coédrdinate system is fixed. 
If the /’, m’, n’ are permuted in all possible ways six points are obtained cor- 
responding to the six possible ways of codrdinating the three «-generators with 
a,6,e¢. Such a set of points will be called a 6-point and be said to be defined 
by a 3-« (/', m’, vn’). By very simple analysis we verify that in general 

(10) A 6-point (1, m,n) lies on two lines which form the diagonals of the skew 
quadrilateral on Q whose sides are H( a,b, ce) and the Hessian pair of the 3-« 
(1,m,n). These tivo lines are conjugate lines of Q and each intersects Q in the 
Hessian pair of the three points on it. 

The construction of a 6-point just given is not valid if (mn)=(nl)=(lm)=0. 
The point then has codrdinates p, (ux), o,( ux), 7, (ua) where p, + o,+ 7, = 0 
and lies on a «-generator (uw) and an /-generator (p, a, 7) where p + 04+ 7=0 
and pp, + o0,+77,=0. In general the three quantities, p, o, 7 are distinct 
and different from zero and the 6-point is the six intersections of the «-genera- 
tor (wv) with the six /-generators obtained by permuting p, o, 7. But if 
p:¢:T=—2:1:1, the 6-point is the three meets of a, 6, ¢ with the «-gene- 
rator u; if p:o:7=0:1:—1 the 6-point is the three meets of a’, b’, ¢’ with 
«(u); while if p:0:7=1:@:@* the 6-point is the two meets of H(a, b, c) 
with «(w). 

The equation of a plane in =, may always, by the use of (1), be put in the 
form 


(11) (2) + (mm) + (ni) =0 


so that the coefficients or plane codrdinates (/r), (sar), (ix) also satisfy the 
identity (1). Hence as for points we have 6-planes whose codrdinates are the 
permutations of the codrdinates of any one of the six. 

(12) Each plane of the 6-planea(l, m,n) passes through a line of the 6-point 
(7, m,n) and a point on the other line. This relation of the two is reciprocal, 


| 
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The construction of the 6-plane is entirely dual to that of the 6-point except that either 
the a’, b’, e' take the place of a,b, ¢ or the eubie covariant of the 3-« (1, m,n) 
takes the place of the 3-« itself. 
The polar planes as to Q of a 6-point (1, m, n) form a 6-plene 
(m—n,n—l1,l—m) whose construction is entirely dual to that of the §-point. 
The identities in x 


(13) (Ue = (dl)(dxr), (m'x) = (dm)( dx), =(dn)( br), 


in which, as before, (dy)(8#) = 0 is the general linear transformation in the 
binary domain, represent a transformation of the point, 7, m,n into the point 
I’, m’, n’ which leaves unaltered both the identities (1) and (4) and, therefore, 
every generator h. Hence 

The identities (13) are the equations of T,. 

And further the identities 


(Ux) =a,(le) + a,(mr) + 
(14) (m'ax) = b, (le) + b, (mex) + b,( na), 
(n'w) =e, (lr) + €,(ma) + nx), 


in which (a, +6, + ¢,):(a,+6,+¢,):(a,+ 6,+¢,)=1:1:1, leave un- 
altered the identity (1) and the equations (8) and, therefore, all «-generators. 
By the use of (1) these may be written more compactly 


(Ux) = a,(ma) + a,(nx), 
(15) (m'x) = b, (nv) + b, (ter), 
(n'a) = ¢, (lr) + ¢, (ma), 


in which (6, + ¢,):(¢, + +6,)=1:1:1. Hence 
The identities (15) are the equations of ®,. 


From the form of (13) and (15) we see that the order of succession is im- 


material, i. e., the group ®, is the group reciprocal to T,. A simple transforma- 
tion that carries the one group into the other is the harmonic perspectivity with 
center of perspection the point /’, m”, x” (not on @) and plane of perspection 
the polar plane of this point as to Q. This transformation, S, reads 


(m"n")- (Uae) = [(mn") + Cin" n — (m'n")-(le), 
(16) - = [( nl”) + (nae) — 
= [(/m") +(l"m — m") 


And the transform of (13) by (16) reduces to 


a 
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— (m'n’)-(U'x) = (dn")( 81") (max) — ( 81”) -(na), 
(17) — (n'l”)-(m'x) = (dl”)(8m") - (na) — (dn”)( bm") - (le), 

= (dm”)(8n")- (lx) (dl”)(8n”) - (ma). 
This is the group (15) or ®,. 

It contains a finite group, g,, of six transformations which gives rise to the 
six permutations of /, m, n, i. e., it is the group which leaves every 6-point 
and every 6-plane unaltered. 

The group ®, also contains the special transformation, D, given by 


(18) (n'a) = (lx) — (mz). 
D is “interchangeable” with any transformation of g,; and D and the transfor- 
mations of g, are the only transformations of ®, which carry 6-points into 
6-points. 

§ 5. The transformation T. 

A comparison of the integral equations of G, and T’ obtained above suggests 
at once the transformation, 7’, which carries the one group into the other. 
Introducing for convenience later a factor of proportionality, we will define T 
by means of the identities 

( 3 3 
x = (ine ve) = (na 
( ) (nl ( ) (imye! ), 


viewing this as a transformation of the space S, into the space =,. The form 
is so simple however that we may also consider (1) as 7'—', the inverse of T 


(1) (Av)= 


which transforms the space 2, into the space S,. 

Since (Ax), (wa), (vx) are defined only to within a permutation we have 

(2) T is an algebraic transformation of the space S, into X,, one point of S, 
being transformed into a 6-point of 2. By T~' one point of =, is transformed into 
one point of S,. T transforms the six-tuply transitive group G, into the simply 
transitive group 

By a well known theorem, 7'~' will then transform the group ®,, reciprocal 
to I’, into the group F,, reciprocal to G, whence from (15), § 4, we have the 
identities 

(A’x) = a,( par) + a, (vr), 
(3) (4 =b,(vr) +6,(rr), 
= (Ax) c,( mar), 
in which (b, + ¢,):(¢, + @):(@, + 6,) = 1:1:1 are the equations of the alge- 


braie group F, . 
The translation of the property of S, (16), § 4, gives 
(4) The transformation S in which 1°, are replaced by 


carries the projective group G, into its reciprocal algebraic group F*. 


4 
it 
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Having now obtained the various groups and the transformations S and 7' in 
the desired form there remains the study of the effect of these transformations 
upon certain manifolds and the resulting derivation of some properties of the 
groups. 

§ 6. The transforms by T of manifolds in S,. 

The eubic ( px)’ may be written as r (Ax )( wx )( vx) or 3 (Ax)( wx )( vx) 
From the formule (1) § 5, (Aw) =9/(/m)*. Hence, by 7’, ( px)’ = (lar) (mx) (na) 
and the plane (pp, )* = 0 becomes (/p,)(mp,)(np,) = 0,a cubic surface. Using 
the comitants of (p,x)*, this surface may be written in various ways and its 
properties easily deduced. Thus 


(1) (/p,)(mp,)(mp,) = 4 + (mp, + (np,)*] 


= [(la,)( ma) (ney) — 


1 


3 [ (2A, )( ) (,) + (ma, ) (mp, ) (my, ) + (nA, ) (mH, ) (m7, ) J 


LL@, )+(mp,) +(ny, [(, (ma, ) + (rH, 


[ (AA, )+ (mm, ) Camm, + (mr, ) 


+ @(mv,) + w(nv,)] + [(A,) + + @( nr, 

+ w(mp,) + np, )] + mr, ) + o( ny, )]} 
+ + + [(lo,) + (no, 


— 
— [(/7,) + @(mz7,) + @ — [(/7,) + @(mr,) + o(n7)]*}. 


Calling now the six points in which the 3-«(,, 4,, v,) meets the two gen- 


further the six points in which the Hessian generators, (o,#) and (7,a), of 


erators b,c) or h, and h, respectively h,,, h 


the 5-« meet a, b, ¢ respectively o,, 7,; 0,, 7,3 %, 7,3; and recalling that 
the 6-point (A,, #,, v,) is made up of two sets of three points J, J,, J, and 
J,, J,, J, lying respectively on two lines L, and L,, we may with reference to 


(5) state : 


1 

(4) = 

= 

i 
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(6) The plane (pp,)’ = 0 in S, is transformed by T into the tetrahedral cubic 
surface (1). The vertices of the tetrahedron are the four meets of H(a, b, ec) and 
the Hessian «-generators (a,x) and (1,2). The planes of the tetrahedron are 
the tangent planes of Q at the vertices, i. e., the tetrahedron is inscribed in and cir- 
cumscribed to Q. The third pair of opposite edges is L, and L,. 

From (2), (3) and (4) we may read off the situation of the right lines of the 
surface. 

(7) The 27 straight lines on the eubie surface (1) are h, hs, 7,7, and I,J, 
(1,«=1,2,3). The surface cuts Q in the three h-generators a, b, e and the 
three «-generators (A,x), (4,2). 

If ( p,x)* has a double factor, say ( p,x)* = (ax)?(ba) where (aa) and (bx) 
are linear forms, ( pp, )* = 0 is a tangent plane of C* at (ax). The cubic sur- 
face (1) is now 


(Ip, ) (mp, ) (mp,) = [(la + (may (mb) + (na)? (nb)] 
(8) = + + (na)]? + @( mb) + w* (nb) | 
+ [(la) + @ (ma) + + @ (mb) + @(nb)]}. 


Hence, calling the generators « given by (ax) and (ba) the double and single 
generators respectively, we have 

(9) The eubie surface in 2, corresponding by T to a tangent plane of C* in 8, 
has the double generator for a double line. It is a ruled surface whose lines run 
across the double and single generators, two through every point of the first and one 
through every point of the second. Through the points where the double generator 
meets a, b, ¢ run the lines to the points where the single generators meet a,b, e¢ 
and a’, 

If finally ( p,2)* has a triple factor (aa), the surface (1) is (la) -(ma)-(na), 
i. e., three planes. Hence 

(10) The cubic surface is =, corresponding by T to the osculating plane of C* 
at (ax) in S, is the three tangent planes of Q at the points where the «-generator 
(ax) meets a,b, e. 

In general - 

(11) To the triply infinite linear system of planes in S, corresponds by T the 
triply infinite linear system of tetrahedral eubie surfaces in y, having for common 
lines the three principal generators a, b, ¢. 

Three general surfaces of this system having in common a curve of degree 3 
and class 0 meet further in six points—the 6-point corresponding to the meet 
of the three planes in S,. 

We take up now the cubic surfaces in S, defined by (qgp,)’ =0. Since 


(qx) = — (ve) } { (ver) — (Awe) } { (Ax) — (wer) } 
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we have on applying T 


3 
= (mx) — (nx) } {(na) — (he) } (le) — (ine) } 


hence 


(mn y 


(2) (mp, ) (p,) { ( np,) — (7p,) (/p,) — (mp) 


The transformation, D, [(18), $4] which interchanges a,b, ¢ with a’, b’,¢, 
changes (12) into 
97 (Up, )(m'p, )(n'p,), 

which is of the same type as (1). Hence 

(13) To the cubic surface (qp,)* = 0 in S, corresponds by T in &.,, besides the 
quadrie Q counting three times, a tetrahedral cubie surface, the transform of (1) 
by the harmonic axial collineation, D, whose axes are H(a, b, ¢). 

In the case of the quadric through C*, (6a)? = 0, we write 

(Aw)’, 


( dx) = g 2) = (ue 


or 


P= — > 
— 


{ (Aw) + @( wa) + { (Ax) + (wx) + 


1 
= — (mn { (ke) + @( mex) + } { (le) + (mx) + o(nx)}. 


If (ax)? =(a,x)-(a,x) and (bx) = (b,x)-(b,x) is apolar to (aa)? we may 
write 


(da y=— 54 (mn)? { lb, mb, (nb, )] [( 16, )+a*(mb, )+o( nb, ) 


(14) + [ (/b,) + w(mb,) + ( nb,) ] [ (1, ) + w?(mb,) + w(nb,) 
Hence we have 

(15) To the quadrie (8a) = 0 in S, corresponds by T in &,, besides @ count- 
ing twice, a quadrie which intersects Q in H(a, b,c) and the two «-generators 
(a,2) and (a,x). The two are included in a set of generators « of (15) obtained 
by taking the two diagonals of all quadrilaterals formed with H(a, b,c) by a 
pair of x-generators apolar to (ax). Each diagonal pair of generators & corre- 
sponds to one of the set of generators of (8a)? = 0 which are chords of C*.* 

Tf (ax has a repeated factor (a,x), (8a)? = 0 becomes the two tangent planes 
of Q at the meets of the «-generator (a,#) with H(a, b,c). 

Finally, since 


* For this last see (21) p. 13. 


11 
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3 


r= 


1 
(mn)’, 


we have 

(16) To the quartic surface r= 0 in S, corresponds, by T, Q counting six 
times. 

This last theorem has a meaning only when we consider both JT and its 
inverse. The indeterminateness of 7’ is due partly to the explicit factor 
3/(mn) and partly to the factor (or) = — Y—r employed in the definition of 
(Aa), (wa), (ve). If we consider only the ratios of X, wu, v and of 1, m, n 
we may say that 

(17) To every point on a tangent to C* at (A,x) corresponds by T the three 
points of Q in which the x-generator (r,x) meets a, b,c, while to a point of Co 
corresponds no definite points in 2,. Inversely to every point of Q on the x- 
generator (X,x) corresponds by T-' the point (A,x) of C® except that to a point 
on a, b, or e corresponds no definite point of S*. 

In connection with the general theorems (5) and (6) of §3 we have the 
following : 

(18) A surface of order n in S, which contains C* as an m-tuple p-tuply asymp- 
totic curve is transformed by T into a surface in 2, of degree v = 3n — 4m — 2p, 
the quadrie Q which appears 2m + p times being disregarded. 

For, according to (6) § 3, the most general surface of the above sort can be 
expressed in terms of the special surfaces which occur as the coefficients of 
(px), (dx), (gv) and vr. And there is at least one (and in fact only one) 
term homogeneous of degree n, in the coefficients of (x2), n, in those of (gx )’ 
and n, inv, and such that n, + n, + 2n,= mand n,+ 2n,=p. From (13), 
(15) and (16), Q separates out to a degree 2n, + 3n, + 6n, = 2m + p for this 
particular term and to a higher degree for the other terms. 

Curves in S, are transformed by 7 into curves in =, which admit through 
every point at least one triple secant for they are made up of 6-points. We 
will consider only the lines of S,. A line in general position, the intersection 
of two planes, is transformed by 7 into the intersection of two cubic surfaces of 
the system (11). Hence 

(19) To a line in general position in S, there correspond by T a curve of the 
sixth order which meets Q in the twelve points common to a,b, ¢ and the four 
«-generators defined by the tangents of C* met by the original line. Through every 
point of the curve passes a triple secant whose conjugate line as to @ is another 
triple secant. a,b, e are quadri-secants of the curve. If the line in 8, is a tan- 
gent line of vr = 0 in general position two of the four «-generators coincide. 

Since a tangent of (° at (aa) is the intersection of the planes ( pa)’( pb) = 0 
and (pa )*> = 0 we have by taking the meet of the two corresponding cubic sur- 


faces in 2,, 
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(20) To a tangent of C* at (ax) corresponds in >, the x-generator (ax), count- 


ing six times. 
A chord of C* is the pencil of cubies (p,x)* + A(q,2)* and it meets C* at 
(o,2) and (7,2). From the properties of the 6-point it follows that 
(21) To a chord of C* corresponds in &, the two lines of a 6-point which are 
diagonals of the quadrilateral formed by H( a,b, ¢) and the x-generators (¢,x) 
and (1,x) and further these two «-generators each counting twice. 


A secant of C* at (6,2) may be taken as part intersection of the quadric 
(5a) = 0 and the plane (pb, )(pa, )? = 0, where (a,x) isa factor of (ax). To 
the plane corresponds in =, a cubic surface with the «-generator (a,#) asa 
double line, while to (da)? = 0 corresponds a quadrie with this generator as a 
single line. The remaining intersection due to the secant at (6,2) is a curve 
of the fourth order and second kind. In the general curve of this type it hap- 
pens four times that triple secants become tangent secants. But triple secants 
arising from 6-points cannot so degenerate and in fact the four tangent secants 
are replaced by two flex tangents. For let the secant of C* be given as the 
intersection of the two planes (pb, )(pd,)( pu, ) = 0 and ( pb, )( pr, )( = 0. 
We verify easily that the corresponding cubic surfaces in =, touch along the 
«-generator. The remaining meet, a curve of fourth order, meets Q in eight 
points, six of which correspond to the two intersections of the original chord 
with r = 0 and lie on a, b,c. The other two are the meets of the «-generator 
(b,x) with H(a, b,c). That they are flexes we may deduce from the follow- 
ing limit considerations. As the variable point on the chord of C* approaches 
(6,2), its Hessian tends to a limiting value whose factors are (b,2) and the 
polar of (4,2) as to (cx)’, the pair apolar to both (A,#)(#,#) and (A,a)(“,2). 
Three of the 6-point cluster around the one point where the «-generator (, #) 
meets H(a, b,c), the other three about the other point, each three however 
always lying on a diagonal of the Hessian quadrilateral. In the limit the two 
sets of three points coincide at the meets of (6,2) with H(a, b,c); the two 
lines of the 6-point become flex tangents and have for limiting positions the 
diagonals of the the quadrilateral form by H(a, 6, ¢) and the two «-generators 
(b,x) and (cb,)( cx). 

To a chord of C* defined by the planes 


and (pb,)(pr,)(pu,) = 0 


corresponds in X,, besides the x-generator (b,x) counting twice, a curve of the fourth 
order and second kind with two inflexions. The flew points are the intersections of 
(5,2) with H(a,b,e). The flex tangents are the diagonals of the quadrilateral 
on Q formed by H( a, 6, ©) with the two «-generators (b,x) and the polar of 
(6,2) as to the pair apolar to both and (A, 


ty 
Z 
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§ 7. The transforms by T—' of manifolds in >. 


For the sake of brevity we shall content ourselves with an examination of the 
effect of T-' upon the simpler manifolds, the planes and lines, of =,. The 
results obtained will be sufficient to exhibit some of the properties of the alge- 
braic group 

In general it may be said that a manifold of order x, WM", in =, must be 
considered in connection with the others obtained by replacing each point by 
the 6-point to which it belongs. The 6-J/" so obtained rather than the orig- 
inal Jf" alone is transformed by 7'-' into a manifold, W,in S,. If the order 
of M be m, a line cuts it in m points in general position. In , then a sextic 
curve cuts the 6-M" in 6m points ; whence 6m = 36n. 

(1) T-' carries an M" (or also its 6-M") into an M™ in 8,. 

We should expect then a plane of =, to be transformed by 7'—' into a sextic 
surface. For convenience, however, we consider the effect of 7’ upon the sextic 


From the equations of 7’, r = (mn)°/27 and from (5), § 6 


(pp) = 


271 


[a + —&], 
" 


where a, 8, y, 6 are the linear expressions occurring in (5) in the order there 
written. Hence 


From (12) and (13) of § 6, we have 
(In) = Licmg,) — (mm )} — Cad} — 
(mny? 


(mn ny 


= + )(m'7,) (n'7, )], 
since 


(o,a)° (7,a)° = (9,7) 
By a change in the sign of (7) in (5) of § 6, we have at once for this case 


(mn 


(9h) = [2° + + 7°48"), 


in which « is « written in primed variables. ete. Therefore 


» 
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since 
a’ =(w—w)a, 
y 5’ =(#—o’)d, 


27 
combining (4) with (3) we have 


( mn y 


4 6/ ~3 3 3 3 
= (mn)? (a — 6 \(B ) 


= 34, {(a—6 )(@a—w’ 8) (w?a—od (@B—w* y) (w* B—wy)’. 
Since, to within a permutation which does not affect the result, we may write 


(0,2) — (12) 


(2,7,) 


(0,27) — @*(7,2) 


(o,7,) 


(A,2) = (4,2) = 


(0,2) — @( 7,2") 


(9,7,) 


then 


= + (mm) + 


(wa — [ (/m,) + (my,) + (nr, )], 


and so on for all the six planes of the 6-plane X,4,v,. We shall write the pro- 


duct of all six as L,(A,4,»,). Finally since (o,7,) = — V —1r,, we have 
(9) Kany’)? = 273 


1 

The left side of this relation is the desired correspondent by 7! of the 
E,(4,4,",)- For symmetry, however, we write it in a different form by the 
use of the reciprocity between the forms p, and q,/r, given by Srupy,* i. e., we 

replace Py by by by (A, 2) by 

(o,7, ) 


and so on for (#,#) and (y,2). Equation (5) then takes the form 


> 372 2 4 9 6 ’ 
(6) [ (pq) [ (9p, = 97! ry (mn) 4, 


* Loe. cit., p. 190. 
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Disregarding the extraneous factors, we have then 
(7) The 6-plane which is the polar as to Q of the 6-point (A, m,v,), not on Q, 


is transformed by T-' into the sextic surface in S, described in (7), § 3, namely 


S°(p,) = yy’. 
Or if we call two 6-points each of which lies in the polar 6-plane of the 
other “ conjugate 6-points,” then 
(8) The vanishing of the condition that the 
6-points in 2, corresponding to the points (p,x)* and (p,x)* in S, be conjugate. 
A 6-plane in a special position is made up of tangent planes of Q through 
the same «-generator (f,2). One plane will have for equation 


p(lt,) + o(mt,) + = 9, p+to+r=0, 


the others being obtained from this by permuting p, o, 7. There are four dis- 
tinct cases : 

(a) If p:o:7=1:@:@", the 6-plane is the two planes determined by 
H(a, 6, ¢) with the «-generator (¢,2) each counting three times. 

(6) If p:o:7r=2:1:1, the 6-plane is the three planes determined by 
a, b, e with (fa), each counting twice. 

(c) If p:¢:7r=0:1:—1, the 6-plane is the three planes determined by 
a’, b', with (t,a) each counting twice. 

(7) The 6-plane is the six determined by the «-generator (¢,a) with the six 
distinct h-generators obtained by permuting p, o, and r. 

From (16), (10) and (14) of § 6 we have, for the first three cases, 

(9) The 6-plane of case (a) is transformed by T-' into the cone (8t,)? = 0 
taken three times. 

(10) The 6-plane of case (b) is transformed by T' into ( pt, )’ = 0 taken twice 
(7 = 0 being disregarded). 

(11) The 6-plane of case (¢) is transformed by T~ into (qt, = 0 taken twice. 
For case (d) we make use of the resolution * of the sextic s’- rp? + &-q? =0, 


where s and ¢ are arbitrary parameters, into factors ; one factor is 
+ € R)(Ax) + + €,R)( ur) + + €, R)( vx) 
and the others are obtained by permuting the coefficients of (Ax), (ma), (v7) 
in all possible ways. In this 
R= and R=/(#—)(s—t). 
Hence, replacing « by ¢,, we have at once 
(12) The 6-plane of case (d) is transformed by T~' into a member of the pen- 


eil of sextics 


* See Stupy, loc. cit., p. 191. 


| 
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(13) s-r[( pt, +6 

For s=t,s=0,t=0 this gives cases (a), (b) and (c) respectively. 

The doubly infinite system of sextics (13) is not contained in the triply 
infinite system S"( p,) for the obvious reason that these systems as well as the 
system /, in =, are non-linear. 

In order not to prolong the discussion unduly we consider only lines of =, in 
general position, i. e., having no particular situation with regard to Q; a, 6, ¢; 
a’, b’, ce’; or H(a, b,c). Any line determines five others which form with 
it a 6-line. Two 6-points or two 6-planes determine however six 6-lines. 
To avoid this ambiguity we take the one line determined by two points 
p, (Aw), o, (ma), 7,(ve) and p,(Ax), o,( max), 7,(vx) in which p, and X, are 
symbols having an actual meaning only in the combinations p,,, the conven- 
tion for o, 4, and t,v, being the same. The line is then in parametral form 
(py)(Aw), (oy)( ma), (ty) (vx) where y,: y, is the parameter and the identity 
in # and y 


(14) (py)(Aar) + (oy) (wor) + (ty) (v0) = 0 


holds. The corresponding locus in S, is 


(py) (oy) (ty) (Ax) (mar ) (vee), 

i. e., a cubic curve which by reason of (14) osculates C* at the two points for 
which y is a root of (oy)(ty)(“v) = 0. Hence 

(15) Lf a line in 2, cuts Q on the two «-generators (r,x) and (X, a), its trans- 
form by T~ is a eubie space curve K* which osculates C* at the points (A, x) and 
(A,2). 

As a corollary from this we have 

(16) T-' transforms a general manifold in >, of order n, M™ (or also the 6-M") 
into an M™ in 8S, which contains C* as a 2n-tuple 2n-tuply asymptotic curve. 

For the 6-M™" is cut by a 6-line in 6n 6-points in general position. M™ 
is cut by AK* in 18n points only 6n of which can be in general position. The 
other 12n must be the six points of K* lying on C* each containing 2n times, 
i. e., 1 has C* as a 2n-tuple curve. If M also contains C* as a p-tuply 
asymptotic curve it is transformed by 7 into a manifold of order 18n — 8n — 2p 
which must be 6n, the order of the 6-4". Hence p= 2n. 

A translation of some very obvious properties of points, 6-points and 6-planes 
gives rise to the following theorems : 

(17) Through two given points on C* and a given point (p,x)* passes one cubic 
curve K* which oseulates C* at the given points. 

(18) Through two given points (p,x) and (p,x)* pass six curves K* which 
each osculate C* at two points. 

Such a set of six curves will be called a 6-K*(p, p,). 


Trans. Am. Math. Soc. 2 
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(19) Two sextic surfaces S°(p,) and S*(p,) intersect in six curves K* each of 
which osculates C* at two points. 

Such a set of six curves will be called a 6-K*(p,, p,). Of this latter set 
we can state the theorem 

(20) If S°( p,) cuts the chord through p, in the points P,, and P,, and S°(p,) 
cuts the chord through p, in the points P,, and P,,, the 6-K*(p,p,) falls into 
two sets of three one set all passing through P,, and P,,, the other through P,, and 
P,,. The three pairs of points in which the three curves of one set osculates C* 
are in an involution whose double points are the pair apolar to (o,2)(1,x”) and 
(o,”)(7,2); the involution of’ the other set has for double points the pair apolar 
to (a,x)(o,”) and (7,”)(7,2). 

For if 


+ (mp, ) + (nv,) = 0 and (/A,) + (mp,) + (nv,) = 0 


fix the two 6-planes in >, corresponding to S°(p,) and S°(p,), their line of 
intersection cuts Q on the two «-generators whose parameters are the factors of 


the quadratic 


= + ( + (4,2) =9 


We obtain six lines corresponding to the 6A* by permuting only X,, w,, v,. 
The first part of the theorem follows from the property of the 6-plane lying on two 
lines. For the second we have, on adding the even permutations, J, JJ and 
IIT of J, that J+ JJ + IJ] =0 and hence the three pairs of points are in an 
involution. From J+ @// + @°/II we can factor out (¢,x) leaving a factor 
(o,2). Similarly J+o@°//+o//] factors into Hence 
(o,2)(o,2) and (7,2)(7,a) are pairs of the involution. Also from the odd 
permutations we derive another involution containing the pairs (o,x”)(7,a) and 
(o,”)(7,”). 

From the duality between point and plane, line and line in =, we have in 


S, a duality between point p, and sextic between a and a 


Since the quadratic J is the same for the parameters of the two «-generators in 
which the line joining the point (A,), --- and (A’x), --- cuts Q we have for 
the dual of (20) 

(21) If through the point p, and the chord through p, pass the two sextics 
S°(p,;) and S°(p,,); and if through p, and the chord through p, pass the two 
sextics S°(p,,) and S*(p,,), the 6-K* through p, and p, is made up of two sets of 
three, one set lying on both S®°(p,,) and S*(p,,); the other set on both S°( p,,) 


and S®°(p,,). The six pairs of osculation points on C® lie in the same two invo- 


| 
(47) 
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lutions described in (20), the double points of the one involution being apolar to 
the double points of the other. 

As the correspondent of a pair of conjugate lines in =, we have 

(22) For every pair of points on a K*, p, and p,, the pair of sextics S°( p,) 
and S°(p,) have as part of their common curve a definite second K* which oscu- 
lates C* at the same poiuts as the first. Two such K* which are moreover recip- 
rocally related to each other will be called “ conjugate.” 


§ 8. The algebraic group F,. 


The equations of this group are given by (3), § 5, but we naturally prefer 
to obtain its properties from those of ®, [(15),§4] by means of 7 and 7". 
From § (6) and § (7) the translation is in most cases quite obvious. Unless 
definitely stated otherwise the following theorems refer to a general transforma- 
tion of denoted by 

(1) Under the group F’,, there is a perfect duality between the point and sextic 
surface S*(p,) +t; between the 6-K* and the 6-K*, A pair of conjugate are 
self-dual. 

(2) A point, p,, is transformed by F into six points which lie by threes on two 
conjugate K*s, each of which osculates C* at the two meets of C* with its chord 
through p, . 

(3) A sextie S°(p,) is transformed by F into six such sexties which pass by 
threes through two conjugate Ks osculating C® at its two intersections with its 
chord through p,. 

(4) A K®* through a point p, is transformed by F into six Ks, each of which 


osculates C* at the same points as the original K* and passes through one of the 


transforms of p,. 

(5) The system of sextics S°(p,) and the system of cubic curves K* are the 
manifolds of lowest degree which are transformed among each other by the trans- 
Sormations of F,. 


* This transformation will be viewed in a different manner from that customary in the theory 
of Liz. From the equations of the group we see that the coordinates of the traasformed point 
( 7/2) are six-valued functions of the coordinates of the original point. 
These algebraic functions have for branch points the entire surface r—=0. On every manifold, 
then, of dimensions greater than zero will lie some of these singular points. So that it seems — 
at any rate when manifolds are in question — simpler and more in accord with the nature of the 
group to consider the various branches of the algebraic functions simultaneously. This requires 
however an extended definition of a group. For if a point is transformed by F'into six points, 
the successive performance of two transformations of the group is equivalent to the simultaneous 
performance of a finite number (in the present case generally six) of transformations of the group. 

Or, using the word transformation in the ordinary sense, we may say that the transformations 
of ®, fall into sets of six and such a set will be denoted by F. 

{ We assume of course that the points, curves, and surfaces considered in (1), (2), (3) and (4) 
are general, i. e. have no particular situation with regard to r= 0. 
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For any surface in S, is transformed by T into a surface of order 
3n — 4m — 2p in &, which has however a particular situation with regard 
to the triple of generator a, 6, ¢ or its covariants. This special situation 
is destroyed by a transformation of ®, and the transformed surface is carried 
again by 7’-' into a surface in 2, of degree greater than n. For example: 

(6) A plane in 8, is transformed by F into a surface of order 18 which con- 
tains C* as a six-tuple six-tuply asymptotic curve with seven-tuple points at the 
intersections of the original plane with C*. 

Hence the required manifolds of lowest degree in S, arise from general mani- 
folds of lowest degree in 2,, namely the planes and lines. 

In order to characterize more completely the six curves into which a K° is 
transformed by F’, we may introduce the doubly infinite system of sextics, (13) 
§ 7, any one of which will be denoted by =° or =°(¢,, s/t). Onan S*°(p,) lies 
a doubly infinite system of K*, each of which is characterized by its two points 
of osculation with C*. On a =°(t,s/t) there is also a doubly infinite system 
of K*, all of which osculate C® at (t,2). Two 2° intersect also in six K* and 


we have 

(7) A K® osculating C® at (t,x) and (t,x) is transformed by F into six curves 
K* which form the complete intersection of two definite sextics 2°(t,s/t) and 
8’/t’). 

These results seem sufficient to demonstrate the value of the canonical forms 
employed for the various groups. For the sake of brevity no reference has 


been made to the transformation S as it appears in the space S,, where, with G, 
and F,, it generates a six-parameter algebraic group. 
BONN, August, 1904. 


ON CERTAIN HYPERABELIAN FUNCTIONS WHICH ARE 
EXPRESSIBLE BY THETA SERIES" 


BY 
J. I. HUTCHINSON 


The moduli of periodicity of an integral u; of the first kind on the Riemann 

surface 
y’ 

are linearly expressible in terms of two such A,, B, when 2+ 8+4+4+ 6isa 
multiple of v. If w; be replaced by the new integral u' = u,/B, the moduli of 
periodicity of w; will be of the form m + no, in which o,= A,/B;. Accord- 
ingly the table of periods for the p integrals w’ will be expressible linearly in 
terms of the p parameters ,. The bilinear relations among the periods will 
enable us to reduce the linearly independent parameters @, to a number p’ < p.* 
These remaining parameters will be connected by certain transcendental rela- 
tions. Suppose, however, that after constructing the table of periods by aid of 
the Riemann surface, it is assumed that the p’ linearly independent @, are also 
absolutely independent of one another. The table of periods as thus generalized 
will no longer be related to the given Riemann surface. It can nevertheless serve 
as a table of theta moduli, since the necessary bilinear relations and inequality 
conditions are satisfied. The table being now written in its homogeneous 


“form as expressed in terms of A, and B,, let these undergo the transformation 
A, =a,A,+ 0,B,, 

(1) 

=C¢; A, + d; B,, 


and suppose that the result is equivalent to a linear transformation of the theta 
moduli the integer coefficients of which form the matrix 


a, | By | 
Yn | Pin | 
We thus obtain a group of transformations of the theta functions to which cor- 


* Presented to the Society September 7, 1905. Received for publication September 25, 1905. 

} For more definite propositions concerning the relations among these «;, see a paper presented 
to the American Mathematical Society, September 7, 1905, by Mr. RICHARD MorRRISs, a brief 
résumé of which is given in the Bulletin for November, 1905. 
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responds a group of transformations on the », which is linear with respect to 
each variable. A uniform function of the w, which is unaltered for the given 
group of transformations is called, after Picard, a hyperabelian function. Hyper- 
abelian functions which belong to a group generated in the manner above de- 
scribed, can evidently be expressed in terms of theta functions with zero arguments. 

To make the matter more clear, let us take as a particular case the Riemann 
surface 

y" 

To form a convenient picture of the surface and its cross-cuts, let a, c, b, d be 
placed at the vertices of a rectangle in the order just written, the sides ac and 
bd of which are branch-lines of the surface. Take any point P (inside the 
rectangle, for convenience) and denote by a, a path starting at P in the Ath 
sheet, winding once around a positively, and returning to P in the (4 + 1 )th 
sheet. Let 8, be a similar path about b. Let y, be a path from P in the ‘th 
sheet, winding once around c, and returning in the (4 —1)th sheet, and 6, a 
similar path about d. The equation 


k 1 
2% + 
t- 


will be used to express symbolically thatthe path a, is obtained by first deserib- 
ing the path a,, then the path a,, and so on in order. A canonical system of 
2p cross-cuts a,, b, may then be constructed from the a, just defined and cuts 
b, defined by the relation 

b, = 


dy 


be taken as the p integrals of the first kind, the table of periods can readily be 
expressed in terms of the moduli of periodicity at a,,b,. If A,, B, denote the 
value of «, when integrated along the paths a,, 6, respectively, and if we write 


If 


p=e', the result for = 5 is: 

wu —1, —p', (1+ p')o, — pe, 
u, —1, —p, (1+ p*)o,, (—p’—p*)o,, —po, 
—1, —p', —p o, (1+ (—p—p*)%, — po, 
(1+ p)o,, (— p’— p')o,, — po, 


Instead of applying the processes indicated above to this table, we will deduce 
a simpler case by means of a transformation. Introduce as new integrals 


make the transformation 


| 
| 
q 
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2-1 0 0 
1 0 0 


0 
0 


The above table then reduces to two hyperelliptic tables which, after multiply- 
ing the rows by B, and B, to make homogeneous and using the bilinear rela- 
tions, are: 
(I W, B, (p p') B,, B, (1 + A,, pA, 
W,B, (pP’—p*)B,, (p—p')B, (1+ p*)A,, p'A, 
W, B, (p p')B,, B, (1 A,, (1 + — p') A, 
B,, (p+e')B, (1—p')4,, (1+ p'—p—p*) A, 
In table (I) change A,, B, to A;, B; and substitute for these the expressions 
(1). Again, denote the elements in (I) by the usual notation A,,| B,,, and let 
these be subjected to the transformation 


Ai, > (4,,A,, + B,, B,.), 


é=1 


of determinant 1, in which a,,, 8,,, --- are integers satisfying certain well known 
bilinear relations. Assume the two transformed tables thus obtained to be 
identical. On comparing like terms certain conditions are obtained from which 
the following results may be deduced. 

For brevity write a,,= = 8., = Then the theta trans- 
formation can be expressed in the form 


1 % B, 
a, B, B,+B, 
6, 

% 9,48, 


the coefficients being subject to the conditions 
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a, 6, + a, 6, BLY, = 1, 
a, 6, a, (6, + 8,) 18; — +> B,) =0. 
The coefficients in the corresponding transformation on the @, 


+ b, 
(3) c,@, + d, 
take the form 


a, = 6, — r6,, a, = 6, —2'6,, 
b, =(p—1)(%,— 


1 1 , 
= 54 (8, C= 


d, = 4, — d,=a,—2'a,, 


in which A = p + p* and A’ =p’? + p*®. Also a,d, sole, = 1 on account of (2). 


This transformation may be reduced to one with real coefficients by means of 
the substitution w, = ip*z,, @, = ipz,. 

Reducing table (I) to the normal form in the usual way and applying the 
formule of KrazerR and Prym for the transformation of the theta functions we 
find 

A, =(¢,0,+ d,)(¢,@, + d,)(7i)’, 


and hence obtain a relation of the form 
(4) ‘Hat w, ) C1 (¢,@, d,)(€,@, [7 ](o,, @,), 


in which C is a function of the coefficients of transformation only, and 
#[’](@,, @,) denotes the theta function with zero arguments and moduli 


= [(p'—p)(1 + p')o, + + 
= + —p)o,], 
= tri[(p'—1)o, + (p?—1)o,]. 


By means of formula (4) we may construct from quotients of theta series, 


functions of »,, @, which are unaltered by the given group of transformations. 


1? 
In a similar manner from table (II) we derive the theta transformations 
B, B, 

a, — 32, —B, — 8, +388, 
Y2 6, 6, 


+ 37, 2 é, 36, 


\ 
i 
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the coefficients of which satisfy the conditions 
a, 8, — a,8,— + 8,¥,=1, 
a, 8, + 4,(8, — 38,) — By, + + 88,) = 9. 


The coefficients in the transformation (3) are 


a, = 6, — a,= 6, 


1 1 


c, =(p—p’)(8, — 
d, = a, — d, = a, — 
in which = p + p* + 2 and wp’ =p? +2. 


CORNELL UNIVERSITY, 
ITHaAca, N. Y. 
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ON THE FORM OF A PLANE QUINTIC CURVE 
WITH FIVE CUSPS* 


BY 
PETER FIELD 


$1. The equations of cuspidal tangents and the critical formule. 


It is well known that a quintic curve with 5 cusps can be obtained by invert- 
ing a quartic which is inscribed in and circumscribed about the fundamental 
triangle. The equation} of the quintic is: 

(ay?2? + Ba? + ya? — Gax* yz — 6hay?z — 
+ 
(a=—a+b+c, B=a—b+e, y=a+b-c), 
or more briefly 
C2 $$, =0. 

Equation (1) is apparently of the eighth degree, but it contains the extraneous 
factors x,y,z. Det Perzzo’s paper gives no hint as to the possible forms of 
the curves represented by the above equation. Ina paper ¢ upon quintic curves 
of deficiency 1,1 have given only one form of curve which could admit 5 real 
cusps. This, however, did not prove that only one such form existed ; for only 
those curves were there examined which were on the point of degenerating into 
a conic and cubic. 

The problem which it is proposed to solve in the present paper is a purely 
geometrical one, viz., to obtain the general form of the curves represented by 
equation (1). For simplicity’s sake ¢ will be taken a circle and the triangle of 
reference an equilateral triangle.§ The figures were actually first obtained by 
drawing the conics ¢, ¢, and the quartic C’,, but these auxiliary curves will now 
be omitted, since the quintics can be drawn as well without their aid and the 
figures appear far more simple. 

* Presented to the Society April 26, 1903. Received for publication October 12, 1903, and 


February 20, 1905. 

+See Dr. PASQUALE DEL PEzzo in Rendiconti dell’ Accademia delle scienze 
fisiche e matematiche (Sezione della societa reale di Napoli), ser. 2, vol. 3 
(1889), pp. 46-49. 

} Quintic Curves for which p=1, American Journal of Mathematics, vol. 27 (1905). 

§ This is no restriction, as a conic through five given points can always be projected intoa 
circle such that three of the given points are the vertices of an equilateral triangle. 
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The following data which have been obtained directly from equation (1) will 
be used in drawing the curves. The cuspidal tangents (given incorrectly in 
Det Pezzo’s paper) at the vertices of the triangle of reference are: 


a+e a+b B+a 
y+6 +a 


The quintie passes through the points 


y= 


} 


Fig. 1. 


it has cusps also at the points where the lines e=(—y+V 7 — 4ab) y [2a 
eut the circle which passes through the vertices of the fundamental triangle. 


| 
a+tc\? 

¥ 0 2=0 
\ / 
\ / 
} \/ 
/ “4 
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Fia. 2. 

The direction of the curve at the points xy, yz, zz must be such as to make the 
following expressions positive 

— — 256c*2’ 
OF - [ a? + — 2ac — 2be — ab + 
— 2560 — 
or 
(B+a)y 


— 25602 , 
(4) (y > by or (a + — Bab — Zhe — ac bj. 


(2) 


(3) 


[ce + b? — 2ac — 2ab — be + a*}], 


$2. Discussion of the formule and application to diagrams. 


First suppose a > b > c and that they are all positive and nearly equal, then 
a, 8, are all positive and a<8<y. From the given data it follows that 
Fig. 1 represents the given quintic. Two of the cusps are imaginary as long as 
a<b+ce+2Vbe. As a becomes nearly equal to 6 +c the quintic may 
have the form given in Fig. 1 or it may be as represented in Fig. 2, because 


| 
28 
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a + b? — 2ac — 2be — ab + c* may be either positive or negative according as 

= 3c, while at the two remaining vertices there is no such choice. The direc- 
tion of the curve at the zx vertex changes as a passes through the value 
b+ V/3bce — $c? + 4c and at the zy vertex it changes as a passes through the 
value /3bc+c. Therefore if 


b+ V3be+e>a>b4+ V 8be — + fe 


the corresponding curve will be as given in Fig. 3. As a@ increases from 
b+ V3be +c tob+ 2Vbe + ¢ the circuit at yz grows larger, crosses the line 


Fic. 3. 


at infinity, and when a = b + 2Vbe + ¢ it becomes tangent to the odd branch 
giving rise to a tacnode (Fig. 6) which is the transitional stage between three 
real and five real cusps. For values of a greater than (1/b + Vc)? the curve 
remains a single circuit with five real cusps. The curve is given in Fig. 4. 
This disposes of the case where a, 6, c have the same sign. The discussion for 
the case where they do not have the same sign will be omitted, as no new curves 


appear. 


c 

\ =0 
\ / 

\ \ / 
/ 
/ 
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In order to consider the case of four imaginary cusps it is convenient to 
modify equation (1) by replacing x, y, a,b by x+ iy, x—iy,a+ib, a—ib 
respectively. This replaces the cuspidal points at (az) and (yz) by cusps at the 
circular points. The equation then becomes 


[(2a —¢)(a?+ — 122(x?+ y*) (ax — by) — (dex? + Bbay + 
— [( 2a — y*) + 2a (cra — 4b a — 4bey)] =0. 


(8) 


Fic. 4. 


Equation (8) represents a curve with four imaginary cusps in case 
4b? + 4ac —c? <0. The curve is given in Fig. 5. 

PLiscKEr’s numbers for the curve under consideration are m = n = k =i= 5, 
§=7=090. It follows from * equation, n + w’ + 2t’=k+r' + 2d’, 
as well as from the figures that the number of real cusps is equal to the number 
of real inflexions. It is interesting to notice that each of the given classes of 


* KLEIN, Eine neue Relation zwischen den Singularitdten einer algebraischen Curve, Mathe- 
matische Annalen, vol. 10 (1876), p. 199. 
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curves is its own dual. In Figs. 1 and 3 the even circuits go into odd circuits 
and the odd into even, while in Fig. 2 the reverse is the case. Fig. 4 has 5 real 
cusps and 5 real inflexions which occur alternately and the same would there- 


Fic. 5. 


fore be the case with its dual. Fig. 5 has an odd circuit with one real cusp 
and one real inflexion and the same is true of its dual. The figures would 
therefore suggest that a curve and its dual may be projective. 

The study of the 5 cusped quintic might also be connected with the study of 
a pentad of points in the plane.* If in addition to taking three of the cusps at 
the vertices of the triangle of reference, the fourth cusp were taken at the center 
of this triangle, the fifth cusp could be taken as the parameter of the system and 
it would be sufficient to study the curves in which this fifth cusp was located in 
any one of the 120 regions determined by the four fixed points. The codrdi- 
nates of the fifth cusp would then be 


Vy—4ab B+) 
‘y+ V7 —4ab B—V7— 


* E. H. Moore, The Cross-ratio Group of n! Cremona Transformations of Order n —3 in Flat 
Space of n—3 Dimensions, American Journal of Mathematics, vol. 22 (1900). H. E. 
SLAUGHT, The Cross-ratio Group of 120 Quadratic Cremona Transformations of the Plane, Am eri- 
can Journal of Mathematics, vols. 22 and 23 (1901). 
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/\ 


B+vy7—4ab 
B—V7—4ab 


y— Vf — 4ab 


and Yo 


= 
y+ V7 — 4ab 
a:b:c ean be determined in terms of y, and y,, and any homogeneous relation 
between a, b, c can be expressed in terms of y, and ¥,. 


ANN ARBOR, MICH., 
October 10, 1903. 
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THE SYMBOLIC TREATMENT OF DIFFERENTIAL GEOMETRY* 


ARTHUR WHIPPLE SMITH 


In this paper certain theorems of differential geometry have been discussed 
and proved by means of a notation similar to that used in the theory of invari- 
ants. The notation was first used by Dr. H. MAscukeE in a paper entitled 
A New Method of Determining the Differential Parameters and Invariants 
of Quadratic Differential Quantics,f and later, in a second paper, A Symbolic 
Treatment of the Theory of Invariants of Quadratic Differential Quantics 
of n Variables.t The use of this notation permits the proving of theorems 
without any assumptions as to the character of the parameter lines by which the 
surface is represented and has the advantage of showing all invariant expres- 
sions in a form which is at once recognizable as invariant. No attempt has been 
made to outline general methods for the use of the symbols. Familiarity with the 
two papers of Dr. MascukeE will be an aid in the acquiring of the small amount 
of general method used in this paper. 

In this paper the notation is first defined and certain identities are given 
which are easily derived from the notations. The symbolic representation of 
surface curves and the radius of curvature leads to the derivation of the equa- 
tion of the lines of curvature and EvLeEr’s formula. Conjugate and asymptotic 
lines are defined and their equations obtained. Geodesics are defined from the 
symbolic form for geodesic curvature and geodesic torsion is computed by means 
of a symbolic form for the direction cosines of the binormal. 

The application of the symbols to the determination of a surface from the 
coefficients of the first and second fundamental forms is complete with no restric- 
tions as to the functions chosen. The cubic form whose vanishing denotes a 
contact of the third order with the osculating circle is derived symbolically, as 
is also the quadratic form d’r~'/ds’. The development of this form intro- 
duces symbols for magnitudes of order higher than two, and these symbols are 
used for obtaining a symbolic equation for the lines of curvature at an umbilic. 
A very brief treatment of the characteristic function and its equation serves 


* Presented to the Society February 25, 1905. Received for publication January 15, 1905. 

t Transactions of the American Mathematical Society, vol. 1 (1900), p. 197. 
In the sequel this is referred to as MASCHKE I. 

t Ibid., vol. 4 (1903), p. 445. 
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to show their extreme simplicity of form under the symbolic notation. The 


application of symbols to the equations of the rectilinear congruence is shown to 


require but a slight modification of the notation already used. 


§ 1. FUNDAMENTAL IDENTITIES. 


This method of treatment depends primarily upon the symbolic representation 
of all binary quadratic differential forms as perfect squares. For this purpose 
we introduce symbols as follows. Assume 


La,,du,du,, = (f,du, + f,du,). 


The symbol 7 has actual meaning only in certain combinations, the simplest 


being = 4,,=a,,. The reciprocal of a,,a,, — aj, 1s denoted by 8. The 


| stands for U, V,— U, V,, where the subscripts 1 and 2 repre- 


sent differentiation with respect to w, and w, respectively. The product 8 {UV} 
is denoted by (UV). The following theorem is fundamental : * 


notation | UV 


Tf U and V are invariants of a quadratic form, then is also (UV ) invariant. 

The following rules are the basis for all symbolic computations : 

1) In every symbolic expression of an invariant equivalent symbols may be 
interchanged without changing the actual value of the invariant. 

2) If the symbolic expression of an invariant is changed only in sign by the 
interchange of two equivalent symbols, then the invariant is zero. 

The more general of the formulas used are here collected for reference. The 
proof of those which are based directly on definitions is omitted. Those for- 
mulas which are marked * are true also for the symbol { }. The quantities 
a,b,c,---, U, V, Ware any functions of u, and v,. The symbols /, ¢, ¥, 
etc., refer to the form Edu? + 2Fdu,du,+ Gdu; 8 is then the reciprocal of 
Vv EG—F”*. The symbols 7’, ®, V, ete., refer to the form 

+ 2D’ du, du, + D’ 
In other words f, = = — a sign = here and elsewhere 
in this paper denoting summation cyclically with respect to x, y, z. 


(1)* (ab) = — (ba), 
(a, be) = b(ac) + (ab), 
(3)* b( ab) = }(ab*), 
(4)* (ab) (ed) + (ac) (db) + (ad)(be) = 0, 


* MASCHKE I, p. 199. 
Tt BIANCHI-LUKAT, Differentialgeometrie (1899), § 46. In the sequel this reference is given as 
BIANCHI. 
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(5)* (a, (bc)) + (6, (ca)) + (¢, (ab)) = 0, 
(6)* WUV=UWYV; 


the last equation defines the symbol WUV; 
(7) (ab), = (a,b) + (ab,) + {ab} B,, 

(8) (fo) = 2, 

(9) (f6)(fU)(¢V) =3( foy(UV)=(UV), 

(10) (fb) (F,(¢W)) =9, 

(11) —( =( UV) * 

the three formulas (9)-(11) hold also for any set of equivalent symbols, with 


the condition that there be also on the left such a factor that a relation similar 
to (8) shall exist ; 


(12) SG(SO)=9, = — (fo) = 1, 

(13) X = (yz), ete., where Y, VY’, Z are the direction cosines of the normal to 

the surface, 

(14) = X — (fb) ($0) Fins 

(15) AX, = (fF’)( af) F,, 

(16) #,0(F®)=0, BF, ®,( F®) = —BF,P, Fe), 

(17)* )(#V)=(fU)(fV), 

(18) (/6)(¢W)[ BU, —BU,(f,V)] =8W,(UV,) —BW,(OV,) 
— (fb)(¢W)( U,(fV)) + WV}; 


this formula, which also holds for the { } signs if the last term and the factors 
8 be omitted, can also be written 


— WUV —(f$)(¢W)(U, (fV)) + (BU) WV}, 
(19) Y(aW)((#V), U) =—(fW)(U, (fV)), 
(20)* U) =(FU)(FV), 
(21) (ww,) = — (fb) [wef + (wB) { foo 


where w, is defined by du, = Bw,ds, du, = — Bw,ds, 
(22) (f6)(¢W)( F, (fF')) =9, identically in W,. 


* Mascuke I, p. 201. 
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Proofs of formulas. 


The following suggestions will aid in the proving of formulas. In general a 
parenthesis symbol is to be changed first to the symbol 8{ }. This should be 
now expanded so as to bring out the coefficients of those factors which have 
only the single differentiation, [e. g., formula (19)]. These coefficients will be 
of one of two kinds. If they involve no second differentiation of the x, Y, 
ete., then formulas (1)-(13), (16), (17) are usually sufficient. If such second 
differentiations do occur, the use of (7), (14) and (15) will reduce the case to 
one of the first kind. 


(9) By rule (1), 
(76)(fU)($V) = FV) 
= —(fV)($U)] 
by (4) 
= (UV) by (8). 
(13), (14), (15). These results in Christoffel symbols as given by Brancui * 
are 


XV EG— F? =; 
+ D'X, ete., 

FD'—GDéex FD—ED' dx 


Cu, LG — du, EG — ou,’ 


From the definition of the Christoffel symbols follow 


ik ik 
1 | = | 2 | = 


These notations lead to formulas (13)—(15) at once. 


(18). Commence this proof by expanding (/¢)(¢W)(U,(fV)): 
+ 
By (17), T(a@W){aV} =(fW){fV}. 
By (7), 


* BIANCHI, 22 46-47. 
tT BIANCHI, 7 24. 


(19) 
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By (14), 
S(2W) = FV} EX(2W)— } $e). 


Since ={Yx, = 0 (from 13), this reduces by the aid of (17) to 


—(FO)(¥W) (Ov) {FV 


or, by change of notation, to (f/6)(fW)(Wwod){w,V}. The term UfV is 
replaced by fUV by (6). To the coefficient of (W_) in the whole expression 
apply (18), using f in place of W and y in in place of f. To this result apply 
(9). 

§ 2. CURVES ON A SURFACE. 


If U(u,u,)=9 is a eurve on the surface given by the equations 
Y= then its differential equation is 
U, du, + U,du,=9 and along this curve du,/ds and du,/ds may be replaced 
by BpU, and — BpU, respectively, where p is a factor of proportionality. The 
direction cosines of the tangent to any curve are dx/ds, dy/ds, dz/ds or, as 
they may be written, x,du,/ds + #,du,/ds, ete., and in these new notations the 
direction cosines of U = const. will be p(#U), p(yU), p(zU). Since the 
sum of the squares of these cosines is unity the value of p is easily found to be 
the reciprocal of fU = VA, U.* 

Consider now two curves 7 = const. and V = const., the factors of propor- 
tionality being p and q respectively. Let @ be the angle between them. Then 
cos @ = pg=(xU)(xV), whence is obtained coso=pq(fU)(fV). From 
this follows sin’o = 1—p’?q¢’?(fU)(fV)(¢U)(¢V). Consider now as one 
factor fU )(¢V) and to the other factor apply formula (4). The result 
issino=pq(UV). The angle @ is defined with the condition 0=0 <7. 
Thus sin @ is positive (or 0) and p and g have the same or different signs 
according as ( UV) is positive or negative. The differential invariant V (UV) 
has been found to be (fU)( fV ), hence the theorem : 

If U and V are to be orthogonal curves, it is necessary and sufficient that 
V(OV)=9. 

If U and V are the parameter lines, then this condition reduces to 
Asa further consequence, if V be the integral of the orthog- 
onal trajectories of U7, then their differential equation is (fU)(fV ) = 0 and 
from this it follows that V;= m(fU) f, and by forming the expression (¢ V)’ 
the factor m is found to be p/q. 


* MASCHKE, I, p. 200; BIANCHI, 723: 
A.V =8 ff, (fU)). 


a 
4 
al 


38 A. W. SMITH: THE SYMBOLIC TREATMENT [January 


Along any curve W= const. define w, and w, by the relations du, = Bw, 
and du, = — Bw,. Then on this curve ds’ =( fw)’. It is desirable to have 
a similar expression for the corresponding are do on the Gaussian sphere. By 
definition do* = X* = Xw)’. By formulas (15) and (17) this becomes 
do* fv) ( Pw). To this apply formula (9) and let 
ete., be symbols of da. Thus do* =( fF’)( f®)(Fw)( Pw) =(f'wy 
and from this identity follows = ( 

Let U and V form an isothermal system and also be taken as the parameter 
lines, then from the definition of the system must 4, U = A, Vand V(UV )=0.* 
The second of these conditions may be written V,= m(fU ) f, and the first is 
(fUP=(fVY. This is equivalent to p= +q and therefore m= +1. 


Consider now 


The first term is zero by formula (10). The second term is seen to be zero 
by use of rule (1) and formulas (4), (3), and (8). Thus it is necessary that 
A,V=9. Suppose now that U satisfies A,U = 0 and define V by the condi- 
tion V;=(fU)f,. This may be done, for A,U’= 0 is the condition that V, 
be an exact differential. Forming A,V from this definition of V, it follows 
as above that A,V=0. Form now (¢V)¢,=(fU)(¢/)¢, and consider the 
coefficients of U’, and U, for the casesi = 1,2. It is seen that UV, =—(fV)/, 
and from these relations between U/ and V follow, by rule 2, 

V (OV) =(fU)( FV) = )( FO) ($0) = 0 
and 

The function V,=(fU)/f, is called the conjugate solution to U. Hence 
the theorem : 

In order that U and V form an isothermal system it is a sufficient condi- 
tion that A,U = 0 and V be the solution conjugate to U. 

§ 3. Lines OF CURVATURE. 

The radius of curvature of curves on a surface may be found as follows. 
From the Frenet formulas cos 0/p = = Xd cos a/ds, where p is the radius of 
curvature of the curve considered, a, 8, y, are the direction angles of its tan- 
gent, and @ is the angle between the positive direction of the principal normal 
and the normal to the surface. Consider in this way the curve U = const. 
Then cosa = p(xU}, ete. Therefore 


sy d cos a 
ds 


=p2X((xU), U) —p( pU)EX(2U). 


* BIANCAI, 2 36. 
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By (13) the coefficients of U, and U, in the expression =-V( 2 U ) are of the form 
= (yz), which is identically zero. From formula (20), ((#l"), )=(FU)’. 
Whence it follows that cos @/p=p*(F'U)’. The curvature of a normal sec- 
tion having the same direction as U is found by letting @=0or7. If 2 be 
the radius of curvature in that case, and if its sign be so chosen that 2? is posi- 
tive when the center of curvature is on the positive side of the tangential plane, 
then 1/2 = —p*?(FU and p= — Reos@. This is Meusnier’s theorem.* 

Lines of curvature are defined as those curves along which the radius of cur- 
vature is a maximum or a minimum when considered as dependent on the diree- 
tion in which the curve passes through a point. For any one value of @ con- 
sider all the curves which pass through any one point. ‘Then, at this point, 
from the relation p= — / cos 6, p is a maximum or a minimum according as 
R is a maximum ora minimum. It remains then to find those curves along 
which /2 is a maximum or minimum. The parameter of the normal section is 
du,/du,. Put w= U,/U,, then (using p for 2), 


_ 
P= (FUY~ ~ 


Therefore 
dp w— ( fw 2( fw — — F,)F, 
~ dw w— F, 

By removing w and simplying the numerator the condition for a maximum or 
a minimum becomes ( f/’)(fU)( #U ) = 0 and this is the differential equa- 
tion of the lines of curvature. This equation may also be written in the form 
U,=h( fF )( FU) f, and h may be determined as a function of U by form- 
ing (PU). 

Let U be a line of curvature and V be orthogonal to U. Then 
U,=n(fV)f,. If this be substituted in the equation for U the equation 
(fF )( = 9 is obtained. This reduces to 


whence it appears that the lines of curvature form an orthogonal system. 

It has been found that X,=(f7')(#f)F,. Let now U be a line of curva- 
ture so that (f7’)(fU)(fU)=0. Then 

(6U =(fF)(af)( FU)($U¥. 

Apply (4) to (fF’)(¢U) and then (9) to (2f)(¢U )( fb). These reductions 
give(X¥U)=—p*(FU)(xU). But since along U the expressions (YU) 
and («#U) are proportional to d.Y and dx respectively, the following theorem is 
proved : 


* BIANCHI, § 53. 
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Along a line of curvature the ratio dx: dX equals the radius of curvature. 

§ 4. CONJUGATE LINES.* 
We define as conjugate lines those whose directions satisfy the equation 


tan @, tan 0, = —r,/r,, where 6, 
make with the line of curvature’ V’, and 7, and 7, are the values of p along U 


and @, are the angles which the two curves 


and V respectively. Let W and 7’ be conjugate curves. From the expressions 
previously found for sine and cosine a form for the tangent function may be 
derived, and from this the differential equation satisfied by W and 7’ is 
(WV)(TV) 
(PU)? 

To the expressions (/U)(7’V) and (fV)(#U) apply formula (4) and note 
that (fU)(fV)=90. If the equation be now cleared of fractions, the ex- 
pression )(v7)( appears. Apply (4) to 
(7U )\(¢V),(WV)( FU), and ( 7'V )( fF’), remembering that and V are 
lines of curvature. If vow the right member be reduced by means of 
(9), the resulting equation of the conjugate lines is (/7)W)( #7)=0. From 
this it follows that if / and V be conjugate lines, then U, == 4( /’V) ¥’,, and if 
this value of U7, be substituted in ( f#’)( fU)( /U) = 90, it is seen that V is 
a line of curvature. It follows then that the lines of curvature are conjugate. 

Also if two curves are conjugate and orthogonal they are lines of curvature. 
For, in U,=k( F'V)F, put V,=n( fU)f, and then form (UU) which is 
identically zero, The result is (f7’)( fU)(#U)=90. Thus the conditions 
of conjugacy and orthogonality might be taken as the definition of lines of 
curvature. 

Asymptotic lines are defined as those along which the two conjugate direc- 
tions coincide. Their equation is then (/’U )* = 0. F 


$5. Principat rapt. 


The quadratic for the principal radii may be set up as follows: 


(FV) +(FUY( 
(FU 


—("7,+7,)= 


Apply (4) to( #’V)( fU) and to( FU )( fV ), using at the same time the condi- 
tions of orthogonality and conjugacy. The numerator becomes then (U/V )?( 77’). 
To the denominator apply (4) and (9). The result is }(UV)?( #'®)*. Also 
rv,=(fU and by a similar process this is reduced to 
2/( The desired quadratic is then 

* BIANCHI, 


+ BIANCHI, 2: 
BIANCHI, 2 5: 


¢ 
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+2( fF 


Let the total curvature 1/7,7, be denoted by A’ and the mean curvature 
1/r, +1/r, by — H, then it follows that = (/’®)’ and /7 = ( fF’), while 
the equation becomes A7? + //r+1=0. 

Euler's formula.* Let W = const. be any curve, UV, V the lines of curva- 
ture, and @ the angle which W makes with 1 (0=@ <7). Then 


1 
—p(FUY and G(FVY. 
2 
By the condition of orthogonality U7 may be eliminated from the expression for 


r,, the result being 


=", = = F J J 
Also 
vy cos? 6 = 


SW) 


Form now in symbols the expression — [ cos’ @/r, + sin’ @/r,], reducing it to 
a fractional form. In the numerator apply formula (4) to the expressions 
(WV )(¢F’) and (#'V)( fW) and collect the coefficients of (/V )( /W ) 
and (WV )(#'V). By an interchange of f and ¢, the first of these becomes 
oF) ), which is to be reduced again 
by means of (4). The complete term involving (WV )( /’V ) contains the fae- 
tor (f7’)( fV)( FV ) and is therefore zero. This result in its simplified form 


is Luler’s formula, viz: 


1 sin’? 


In the process of finding the sum — (7, + 7,) only the condition of conjugacy 
needs to be used. Hence the theorem : 

The sum of the radii of curvature of two conjugate normal sections is con- 
stant and is — H/K. 

If a similar process be applied to the sum of the curvatures of two orthogonal 
normal sections, then follows the theorem : 

The sum of the curvatures of two orthogonal normal sections is constant 
and is — H. 

§ 6. GEODESIC CURVATURE.+ 

At any point of a curve C’ on a surface consider the projection of C’ on the 

tangent plane. The ordinary curvature of this new curve is called the geodesic 


54 
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* BIANCHI, 2 


+ BrANCHI, 2 75. 
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curvature of the curve C’. Its computation is as follows. Let U and V be 
any two orthogonal curves and let it be required to find the geodesic curvature 
of U7. Let 1/p and 1/p, be the ordinary and the geodesic curvatures respec- 
tively. Let @ be the angle between the principal normal to U and the princi- 
pal normal to the curve on the tangent plane. Then 1/p, = cos @/p.* From 
the Frenet formulas we have cos &/p = d cos a/ds ete., where &,, Sand a, 8, ¥ 
are the direction angles of the principal normal and the tangent respectively. 
Along U we have cos a = p(#WU), ete., and therefore 


= p(«U), Uj=p*((aU), U) +p(pU)(2U). 
Since the principal normal to a curve lies in its osculating plane, that of the 
projected curve is then the tangent to the curve V. Its direction cosines are 
therefore g(xV), ete. Whence it follows that 


1 
F =p*q> ( (2U), U)(xV)+ 
Since U and V are orthogonal, =(x#U)(#V)=(fU)(fV)=90 and 
V.=m(fU)f,, whence 1/p, = p’gm(xU )= (xx (a0), U). If in for- 
mula (19) y is substituted for W and U for V it follows that 


U) = (fb) Ov) (x) (U, (£U)) =(xF)(U, (fU))- 


The relation mq = p gives as a final result 


1 
= — p*( fo)(oU)(U,(fU)). 


The invariant character of this expression is evident from its form. 


Geodesic lines are now defined as those curves along which the geodesic cur- 
vature is zero. The symbolic form of the equation of the geodesics is then 


(f6)(¢U)(U,(fU)) =9. 


§ 7. THE ORTHOGONAL TRAJECTORIES OF GEODESICS. 


Let U be such a curve that its orthogonal trajectories may be given by 
V,=p(fU)f,. The usual form is V;=m(fU)f, and since mg =p, it 
must be that in this case g =1, i.e, 4,V=1. The necessary condition that 
U, be an exact differential is ( p(fU))=0 or p (f, (fU))+(fp)( fU)=9. 
Divide the members of this equation by p*, and write the expression p~*( fp) 
as —}(f, 1/p*). Replace p~* by (¢U)’ and apply (4) to the expression 
(¢U)(f,(fU)). The resulting equation is (f$)(¢U)(U,(fU)) =9. 
Hence the theorem : 


* Meusnier’s theorem, § 3. 
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If the orthogonal trajectories of a curve are given by V,=p( fU )f, then 
the curve is a geodesic and 4, V=1. 
If a be the constant of integration in V, then 


oF 


Therefore V(V,OV/ea) = 0 and the curves V/Ca = const. are the orthogo- 
nal trajectories of the curves V = const. 

From this follows the theorem : 

The integral equation of the geodesics in terms of their orthogonal trajec- 
tories V is OV/O2=0. 


§ 8. THE COSINES OF THE BINORMAL. 


The direction cosines of the binormal of a curve are proportional to the dif- 
ferences (y'z” — z'y”), ete., where the accents denote differentiation with respect 
to s. Along any curve W let 


du, = Bw,ds = Bt W,ds and du, = — Bw,ds = — BtW,ds, 


these relations being the definitions of w, and # =(fW)’. 
Then 7’ = (yw), y’ = ( (yw), w) and therefore 


yx’ — zy" = (yw) ((2w), w ) — (zw) ((yw), w) 


= Bw,[( yw) (zw) — (2w)(y,w)] — Be, — )] 
+ Bw, [(yw)(2w,) — (2w)(yw,)] — Bw, [( yw) (2w,) — (2w) (yw,)]- 
Apply (4) to the third and fourth terms obtaining Aw,(yz)(ww,) and 


— Bw,(yz)(ww,) respectively. From the identity (yw)(z,w) = B’{yw} {z,w} 


compute the differences (yw)(z,w)—(2zw)(y,w). These contain terms 
— %;Y, Which, by the elimination of z;,,, y,,, become 


If Z and Y be expressed in terms of x, y, z then 
Also y,(¢2)—2,(dy) =(yz)¢,- 
From these results follows 


Y;%in — Yin = — PP, (SE) — (SO) (92) Sie 
Consequently 


(yw) (2) — (2)(y,w) = — fro) ( Fw) F, — (fb) (ow) (y2)- 


OA, V o( fv) 
‘ . 

= 2(fV)—s = . 

Ca Ca Ca 
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If this be substituted in the original equation, the result is 
yz’ —zy"=(yz)[ ww, )—Bw, (ww,)—( £6) (dw) { Bw,( fr ( fw) } J 
— (fx)( fw) ( Fe). 


In formula (18) put V = V = W = w and apply it to the coefficient of (yz). If 
'( f6)(d6W)( W, (fW)) be denoted by G and if the notation W, be used 
instead of w,, the desired proportion takes the form 


cos A: cos cos v= G'(yz)—t°( fxr) (fW)( PW) fy) (SW) (Fwy 
: G(ay)—O (SW) (Fwy. 


From this are easily derived expressions for the cosines of the principal normal 
of a geolesic. For if &, 7, & be the direction angles, then 


cos = cos cos y — cos v cos ete. 
Along a geodesic G is zero and therefore 
cos X: cos w: cosy = ( fr)(fW):( fy)( SW): SW). 


Also cos a: cos 8: cosy = (x2 W):(yW):(2W) and by substitution in the 
above identity it follows that 


cos &: cos n: cos = (yz): (za): (ay). 
But since (vy)? = 1, 


cos + X, cosn=at J, cos€=+ Z. 


For an asymptotic line (#’ W )? = 0 and therefore as above 


cosA = +X, cosp=+ J, cosv=+ Z. 


From these considerations follows the theorem : 
The surface normal along a geodesic line coincides with the principal nor- 
mal and along an asymptotic line with the binormal. 


$9. GEODESIC TORSION. 


The Frenet expression for torsion is 1/7’ = — = cos \d cos E/ds.* Let U be 
a geodesic line. Then along U, cos & = ete., cosX = = p( fr)(fU). 
The factor of proportionality is found to be p by evaluating the expression 
=[(fe)(fU)]*. Its sign is — or + according as cos & is + X, as is seen 
from cos = cos cos — cos uw. Also from (15), 
: + p(XU) =+p(fF)(sf)( FU). 


* BIANCHI, § 84. 
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From these relations with (9), 1/77= — p?(fF')(fU)( FU). If now U is not 
a geodesic then this is by definition the geodesic torsion of U. In other words 
the geodesic torsion of a curve is the torsion of that geodesic which is tangent 
to it in the point considered. For a geodesic the two torsions are identical. 

Suppose that UY and V are orthogonal. The geodesic torsion of V is 
—@(fF)(fV)(FV). this m( fU ) f, be substituted for V,, the result 
is p?( fF’)( fU)( FU) and hence the geodesic torsions of orthogonal curves 
differ only in sign. 

Let @ be the angle between the surface normal and the principal normal to 
the curve VU. Then 


cosE= and cosrX= — NXsin + cos 2 cos 6,* 


where cosa=g(a2V). These values for cos € and cos X are to be substituted 
in the expression for torsion and in the reductions it is to be noticed that 
TX(XVU)=0, 
U) =¢q(qu). These 
identities are proved in § 1, the last being a special case of (19). The resulting 
equation is 1/7 = —p(0U)X + pq( FU )( FV ), and from this g and V may 
be removed by the condition of orthogonality. The equation then takes the 
form 1/7'+ d0/ds = —p*?(fF')( fU)(FU). 

This is equivalent to the theorem: 

The difference between the geodesic and ordinary torsions of a curve is the 
derivative with respect to s of the angle between the surface normal and the 
principal normal of the curve. 

From the definition of geodesic torsion follows the theorem : 

Tf a line of curvature is a geodesic, it is plane. 

It has already been proved that along a geodesic @ = 0, and the above ex- 
pression for cos X, ete., together with the conclusions of § 8 show that along an 
asymptotic curve, + 7/2. 


§ 10. THe Copazzi rormuLas, 8 AND f AND f’. 
The relation B = B'K. 

The function 8 has been defined and is always positive, A’ is the total curva- 
ture given symbolically in § 5, and 8’ is defined for the Gaussian are as was 8 
for the ordinary are except that its sign is not fixed. It has been proved that 
JS, =(fF)F,. From this form the expression { f’ $’ }? may be reduced by 
the process of formula (9) to { fp }*A’, and gives the desired relation. 

The symbol f in terms of f’ and F. 

The consideration of ( f’®) ®, = ( fF’)( ®, in the light of formula (16), 

for the two cases i = 1, 2, leads to the equation — Af, = (f' F) F,. 


* BIANCHI, @ 85. 
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The Codazzi formulas.* 

These formulas are together equivalent to the identical vanishing of the 
covariant fF’), w).+ Therefore (/6)(¢/’)( fF’), = 9 where 
kk =1,2. The application of formula (7) gives 

+ )(SF,) + (Fb) (SF = 9- 
Rule 2 applied to the third term and (9) to the second give 
(FP,) = 


The direct derivation of these formulas is as follows. The identity «,,.—2,,, 


when reduced by means of (14), may be written 
),- = (0/6) (6%) fli (76) 
and this is equivalent to 
Since in this identity i + &, it may be written 
X(FF,) — (FX) F, = (f6)(¢2)). 


Multiply this by Y and take the cyclic sum, applying (20) to =X(/s,; (px)): 


The equation is then reduced to the usual form, viz., 


(PP,) = 


§ 11. THE DIFFERENTIAL EQUATIONS REQUIRED FOR THE DETERMINATION 
OF A SURFACE OF WHICH THE FIRST AND SECOND FUNDAMENTAL 
FORMS ARE GIVEN.t 


Consider a set of axes consisting of the normal at any point of the surface 
and the tangents to two curves U and V which pass through the foot of the 
normal. No supposition is made as to the character or relative positions of UV 
and V. Let the direction cosines of the normal and the tangents to U and V 
be XY, Z, X’, V', Z’, X”, ¥", Z” respectively. Then in accordance 
with the results of § 2, 


= p(20), X” = V), ete. 


It is desired to find the values of X,, X;,, X% etc., in terms of the given coef- 
ficients and the functions U and V. By formula (7), 


Xj =(2U) py + + p(2U,) + p{ aU 
* BIANCHI, 7 48. 
t Proved by Dr. MASCHKK, in a course of lectures at Chicago in 1902. 
¢ BIANCHI, § 49. SCHEFFERS, Anwendung der Differential- und Integral-rechnung auf Geometrie 
(1902), vol. 2, p. 310. 
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From the two equations X’=p(*U) and X”=q(rV) it follows that 
where t(VU)=1. For the evaluation of X,, 
it is to be noted that 


(aja 
7 (UUs) | 


By (14), 
(2,0) = (PU) — AO) 


— woo 


Let mg =pandnp=q. Let R&R’, S’,T’, R’, S”, T” be the proper coefficients 
in the identities 


+ 
Then follow from the identities above 
R’ =p{ FU)F,, 
S’ = p, — pt( fb6)(V)( AU) + pt(VU,) + pt{ VU}B,, 
T’ = pmt( — pmt (UU, ) = pmt( fo) fU),. 


The coefficients R”, S”, T” are obtained from 7’, S’ respectively by 
changing p tog, mton, U to V, V toU,andtto —t. Therefore 


(FV)F,, 
S” = — qnt( fb)(dV)( AV) + qnt(VV,) = — 
9, + AV) — gt(UV,) — gt UV B,. 


The partial derivatives of Y are obtained as follows: ..Y,=—X'V,(—X"Xy 
and therefore follows 


paXX, =— X[qR'X'+pR’X"] — X"qS'—X'X" +p8"]—X" pT”. 


All the derivatives are thus determined. If now the curves U and V are sup- 
posed to be orthogonal, further simplifications may be made. By the relations 
V,=m(fU)f, and U,=n( fV)f, remove the V from pS’ and the U from 
qT”. In this reduction the converse of formula (7) is used, mt = p*, and 
(fU ) is to be replaced by p~*. The similar operations are to be used in the 
other case. The results are S’=7”=0. Consider also the expression 
qT’ +pS". Aside from a factor pgt this may be written 


)( AO) — AV) —m(UU,) + n(VY,). 


The condition of orthogonality together with mn = 1 gives for this 


7. 
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(FV — (FO (AV) + (FT) (FV, 
By formula (7) remove (f/U,) and (fV,). The result obtained is zero. 
Therefore for the case of orthogonal curves the desired relations are 


pq, =— pR’X", 
pA, = RX + 
qX = RX + 


§$ 12,13. THe cusic Form dr—'/ds.* 


§ 12. In every point of a surface there is at least one normal section which has 


a contact of the third order with the corresponding circle of curvature. The 
investigation of this involves the condition dr = 0 or dr~' = 0, where + is the 
radius of curvature of the section. Let W be the integral of the curve and put 


du, = Bw,ds = Bp W,ds, and du, = — Bw,ds =— BpW,ds. The symbol p 


is here defined by the relation p-*>=(fW)’?. Expressed with these symbols 


1/r is (Fw) and therefore follows dr—'/ds = 2( Fw) (( Fw), w ). this 
expression be expanded by use of (6), it may be written 
2( Fw) Few — + 2{ Bw} (Foy. 
The reduction of this to an invariant form is as follows. By (21), 
Fww = [Bw,( — Bw, (fw) — { { fo}] 
= $F’) [Bw,(f,) — Bw, ( + (Fw) {we}, 
by (9). By (8), 
— 2wwk = 
Change F’ww by means of the identity 
)( fw) = (Sb) ) + 
and change — 2wwF’ by means of 
(16 = 2( fb) (dw) (FF,) 

((4) and rule 1). Then 


dr 


= Fe) Be, (fF) + — Be, (iF) + 
+ 2( Fw)? {w8} +2( fb)( Fw)? [ Be, ($f,)—Bw, ($f,)] +2 {Bw} (Fwy. 


By rule 1, 
2( Sb) ($f,) = (Jb) (( Of.) + 


” KNoBLAvcnH, Theorie der krummen Flidchen (1888), pp. 92 and 107. 
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and therefore by (7) 


=2( fb) (dw) (Fw) (fF’),— Bw, fF} 8, + Bw, {fF} 


+( fb) ( Fw)? ( $f), — Bw, ($f), — Bw, i bf} B, + Bw, {bf} B,]- 
In the reduction of this, 2( /)((¢/), w) is zero by (3) and (8). Also, by (19), 
— 2( fb)(dw)( Fw) fF} (Bw) = — 2( Fwy { Bw } 


( 


and 


— (fb) {dF} (Bw) = (76) { Bw } = 2 { Bu } 


therefore 


dr 


= Fw) (fF), w). 


Introduce now the W,, and then follows 


Consider the coefficients of this form. If for the moment W, and W, be re- 
placed by w, and —w, respectively, then P may be written in the form 
=P,,,w,w,w,, Where i, 7, k=1, 2,3, and P,,, = fb) ( fF’), the 
i, j, & being of course interchangeable, which may, however, be proved inde- 
pendently of the definition of P,.,. 

The collected coefficients of this cubic are called fundamental magnitudes of 
the third order * and may now properly be expressed by symbols. Put then 
Pw =7,7.7,, which defines the symbols 7. 

If now the W, be again introduced, P = (7 W )’, where the symbols 7 are 
defined by 7,7, 7, = 2p*B*( fb) ( fF’), F;- 

The form 7’= d’r"'/ds’ may be treated in like manner. The symbolic 
form of 7’ is obtained by differentiating P and is therefore 3p(aW 
((7W), W). The quantities W,, may be removed by exactly the same proc- 
ess as that used above; since in the process there employed, no use was made 
of the peculiar properties of /’, in place of which 7 contains 7. Therefore 


T= W) = 8p(fb)(OW)( W)(( fr), W). 


The intrcduction of new symbols, 7; 7; 7,7, for the coefficients of 7’, and in fact 
the continuance of this process, will depend upon the permutability of the 
indices. The use of such combinations as those represesenting 7,7,7, (and 
also the symbol W, W,, used in § 14) is seriously limited by the fact that the ex- 
pressions cannot be factored into other expressions which by themselves repre- 

* KNOBLAUCH, p. 96; FoRSYTH, The Fundamental Magnitudes in the General Theory of Sur- 


aces, Messenger of Mathematics, vol. 32 (1902), no. 5. 
Trans. Am. Math. Soc. 4 
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sent the symbol z,. This it will be remembered was the case in § 2 where the 
relation = was proved. 

$13. In connection with the coefficients of these forms, it is interesting to 
notice the differential equation of the lines of curvature through an umbilicus 
when expressed in the cubie symbols. 


This equation is 
+(FR-GOQ)v+ GR = 0.* 


The notations here used are explained as follows : 


= — +3 du, + du, + Sdui. 


8 
Therefore P = or’, Q=orin,, R= S = where a is a factor of 
proportionality. Then 

ER —FQ=cf,7,7,( fr), f,7,7,( fr), 

ER— GP =or,( fr)( fr). 

The introduction of these values into the differential equation gives the very 


simple form 


The only complicated part of this function is the symbol 7, but this is no more 
so than the coefficients 2, Q, &, S ordinarily used, each of which must have 
its separate explanation in terms of other coefficients. 


$14. WeErINGARTEN’S FORMULAS FOR THE COORDINATES OF A SURFACE.} 
Let W be the distance from the origin to the tangent plane. Then 
W = W, = 2X,2, W, = 

The equations >, = 0 and =X, give VY, 1”, Z except for a factor of pro- 
portionality. The identity > VY}? = with the defi- 
nitions of the symbol /’ shows this factor to be 8’ and if 6 be defined by the 
relations 8’ = 86, then VY = 8’! YZ! =6( ete. This relation shows that 
the determinant of the above system is 8’~' and the solution of the system is 


* ForsyTH, ibid., p. 77. 
BIANCHI, 72. 
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a= 
= + &(XX)( YW); 
the last term being zero is arbitrarily added. By the definition of /’, 
W) 


and therefore x= WX + &(f'W)(/f'X), and similarly for y and z. It is 
desired to find an expression for By definition — = 2X,x;,. In 


order to find this sum, note that 


and in the reduction of this make use of the relations 
= [28X,(/X)], — 88(/X) 
The application of (14) to the case of the sphere gives 


X,= 


whence follows 
By (9) the second term is 6(¢//" )$‘,, whence follows 
Consider now this last term for the two cases j= 1,2. For example, if j = 1 


the coefficient of IW, is zero by rule 2 and the coefficient of W, is zero as 
follows. Since &( )? = 2, therefore 


= 0 
whence 
= 9. 
The final form of the identity is then 


Everywhere, except perhaps in the last term, i and j7 may be interchanged. 
Therefore it can be done in this term and consequently the following notation, 


W)],, 


is legitimate. This term W, W, is the function which Brancut uses as the coef- 


or 


ficient in the second covariant differential.* The desired result is therefore 


| F,F,=f. f,W+ W,W,. 

* This may be seen by comparing the coefficients of the form as given by BIANCHI in 2 26 and 
those of the symbolic form given on p. 203, MASCHKE I. 
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§ 15. THE CHARACTERISTIC FUNCTION.* 


In the problem of deformation of surfaces use is made of an auxiliary func- 
tion @, defined by the equation 2) = =(a%), where the point %, 7, Z cor- 
responds to the point #, y, z by orthogonality of elements. The following 
equations are fundamental : 


9, 22,2, = 0, 22,2, + 2x,%, = 0. 
The last of these with the equation for Q gives the two equations 
Brix, = — 
From the equation for Q it follows by differentiation that 
2Q, = = (ax), = + + BE {ae}. 
From this the terms %,; are removed as follows: 
(xx, ) = — 


From the fundamental equations, 


whence 
This gives 


From (14) follows 
The last term must be expanded and in the expansion 


22, = = 0 and = 


The term then becomes 
BFE) { Pf, } 
By interchange of f and ¢ and by the relation Q@ = — S=~,%,, this is reduced 
to —}3QP*[{/b}?],, which by (8) is Q8-'8,. The equation for Q then 
becomes 
BQ, = 
From (16) it follows that 
FQ) = — 
This may also be written 
= —8(FQ)F,, 
and from this is obtained 


=(Xz) = (F, 8(FQ)). 


BIANCHI, 154. 
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The left member is evaluated by removing Y, by (15) and the summations by 
the fundamental equations. The result is 


(F, §(FQ)) 


It is now desirable to express this relation without the use of the expressions 
FF, and by means of the symbols f’ instead of f. The change is made as 
follows : 


( F, 8(FQ)) =8( F, (FQ)) + 
(F, (FQ)) =—FFQ + FQF + (FQ) {FS}, 
and by (6) FQF = QFF. 


The expression Q/’F is simplified by the Codazzi formulas, viz., 
The terms containing 6/’,(/’Q,) are changed as follows : 
oF, (FQ,) = F, by (8) 
= F, 
by means of (4) applied to (f'¢’)(2’Q,) and then rule 1. 

The symbols f and ¢ occur in the terms ( /¢)(/’¢)(/*%,) introduced by the 
Codazzi formulas. They may be removed by the relations f, = — 6( f’®)®,, 
$,=—8(¢'V)V,. These lead to the relations (/)=6(/'¢’) by rule 1 and (16), 
= — and (£7,) = 
As a result of these changes there is introduced a term 
— — 

+ f'®)(F®,) + 8Q,(f'®)(F®,)|. 

To the expressions (¢’WV )( #'®) and (¢’V)(#'®,) which occur in this term 
apply (4) and use the relation 6(/’ VW)? = 2. These reductions lead to 
(F, 8(7Q)) — BF,($'Q,)] 

+8 
If 8( FQ) { FB} and (F'Q){ be multiplied by 38°( /’¢’)’, they can be 
written (by (4) and rule 1) in the forms 6*( /’$’)(/’F')(¢'Q){ FB} and 


&( f'd')( f' F')(¢' Q)(£8) respectively. 
In the third and fourth terms ® is to be replaced by 7’, and in the third /”’ 
and ¢’ interchanged. If now for [ 8(¢’F’)], one substitutes 


if 
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+ 8( + F,) + 3B, 


and groups the terms according to (7), the result is the desired relation. In this 
final reduction the coefficients of ((J5) and (QB) are zero. Therefore 


The expression FY when transformed by the elimination of £ becomes 
y 


8( fF’) and the characteristic equation is accordingly 


)(F, 8(¢'Q)) =- FS FYQ. 


Into this equation the symbols Q. Q, are easily introduced. By definition 
Q, =—8(f'¢’ and the equation may therefore be written 


=-(f' 


It has been proved that if W be the distance from the origin to the tangent 
plane, — FF, =f; f; W+W,W,. If now the symbols #” be removed by this 
relation, the characteristic equation becomes 

WYQ=(SH WQ— (WEY. 
It is to be noted that the functions WV and (@ enter into this equation symmet- 
rically and from this follows the theorem : * 

If S, denote the envelope of the planes =Xx =W and if Q be the charac- 
teristic function for an infinitely small deformation of the surface S, then 
is W the characteristic function for an infinitely small deformation of the 
surface S,. 

§ 16. RecTILINEAR CONGRUENCES. 

The analytical definition of rectilinear congruences is as follows: The entire 
system of rays is cut by a surface S and that point (or one of them if there are 
more than one) in which the ray cuts the surface is taken as the origin of each 
ray. The surface S is defined analytically by a curvilinear system of codrdi- 
nates (w,, v,) and any ray is determined from its origin x, y, z and its direc- 
tion cosines Y, Y’, Z, all expressed as functions of u, and u,. The spherical 
image of any ray is the point Y, ’, Z onthe sphere. Only in special cases 
are the rays perpendicular to S. 

The forms do* = {dX * and =dxdX are fundamental. The first of these is 
the Gaussian are form, but since the first fundamental form is not here consid- 
ered, the accents on the symbols for do* and on f’ will be omitted. Whenever 
these are introduced again, every ( ) must be replaced by 6( ). The symbols 
used are f, =X, X, and F It is to be noticed that the symbols 
F’, and F’, are not interchangeable in the general case and that it takes a product 
of the two for the actual meaning. 


* BIANCHI, § 155. 
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Let now cos A, cos w, cosy be the direction cosines and ¢/ the length of the 
common perpendicular from to the consecutive ray (wv, + du,.u,-+du,). 
The direction cosines of the two rays are VY, Z and + Ca. eT. 
Z+dZ. Then cos 0 and dX) cos’ = 0 and therefore 


cos A: cos wi cosy Zd ):(ZdN — NdZ):( Xd —VdN). 


From the equations 2 VY, = 0 follows Y=(1°Z). Let W bea curve on 5, 
and p be defined as before. Then from the notations in use 
VWdZ— Zd¥ =(fX)T du, + f,du, | = pl SX )(fW). 
Therefore cos X : cos w: cosy = ( fW):(fZ)( FW) and 
the solution of this is = p?( )( fW), ete. 
The length of the line between the two rays is 

dl = cos = p*( fW )( FW). 
If now r be the distance along a ray from its origin to its intersection with d/, 
then it may be proved that 

Ld Ndr 


=— —p(FWw)( FW ).* 


$17. PrIncIPAL CURVES. 

Introduce now conditions which in form of expression are similar to those 
imposed for lines of curvature. Let U and V be curves which satisfy the 
equations (fU)( ) = 90 and ( FU )( FV) + (FU)(FV)=0. These are 
the principal curves. Let r, and +, be the values of + for rays whose origins 
are on these curves. Then, =— p?(FU)( FU) and r, =— ¢(FV)(FV). 
The first of the conditions on U’ and V may be written V,= m( fU)f, and by 
substitution of this it follows that 


Consider now three rays, one the original ray at the intersection of U and V, 
the two others near to this, one on U and one on W, a curve copunctual with 
Uand V. From the original ray to each of the others there is one line which 
is perpendicular to both. Let be the angle between these two lines. Then 
by the formulas proved above (the subscripts referring to the curves) 


cos @ = > cos Ay Cos Ay = ~— 


by (17) and (9). From this follows, as in § 2, 
2 T\( pi T a2 fj 7\2 


* BIANCHI, § 137. 
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Form now the expression — (7, cos’ + 7, sin?) as a function of U and W. 
Except for the difference in notations and the conditional equations, this prob- 
lem is that of Euler’s formula and may be proved by exactly the same method 
as was employed in the former problem (§ 5). The result is H/umilton’s equa- 
tion, * = 1, cos* w + r, sin? w, where r has the value pertaining to the curve W. 

The maximum and minimum properties of 7, and 7, may be proved. Suppose 
r,>7,- Then from Hamilton’s equation 


sin’ o, 


ry = (7, r,) cos” @ 


and therefore 7, <r <r,. The intersection ZL, of the ray (w,, u,) and the 
common perpendicular between this ray and the consecutive ray on U is called 
alimit point. A similar point, Z,, exists for the curve V. The angle between 
these two perpendiculars is obtained from the formula for cos if W is replaced 
by V. The numerator in that case has the factor (fU)(fV). Therefore the 
lines are orthogonal. 

In the exceptional case where the coefficients of the two forms are propor- 


tional, the notations give = kf, F kf, and therefore r =r, = — kk. 


Any curve W(u,, u,) =9 on S determines a system of rays which form a 
ruled surface. Principal surfaces will be those determined in this manner by 
the principal curves (7 and V. The differential equation of the principal sur- 


faces is found from the conditions on U7 and V and is 


(A) )( fF) +(FW)(fF)\( FW) 


§ 18. THE QUADRATIC IN r. 

Owing to the differences in notation the derivation of this equation cannot be 
referred back to the work on the similar problem in the case of the radii of 
curvature. 

Consider first — (7, + 7,). This may be reduced by repeated applications of 
(4) to (fF )( VU). But sineg for U and V sin? =1, this becomes 
(fF )( fF). 

Also r,r,=p°¢(FV)( PV)(®U)(®U). Aside from the factor p*’ this is 

(FV)(®U)[( P&)(VU) 
(FV)(®U)[(F®)( VU) + (FU)(®V)). 


From the addition of these two expressions together with the second condition 


on U and V follows 


= pg( FS) FV)(®U)( VU) + 


| 
“4 


‘ 
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The pairs of symbols F, F’ and ®, ® may always be interchanged and therefore 


By (4), 
py (Fe) VU) =( Fe) Fey 


From these results may be written 
=(F)(F@) +2( FO) — 27° 


In every term, except perhaps the last, F and #’, ® and ® may be simultane- 
ously interchanged, and therefore also in the last. Thus 


— 2p?q?( F®)( FU) (®V)(VU) = — 
= FP) 
by the process of (9). The substitution of this result reduces the relation to 
and the desired equation is 


(B) 


§ 19. DEVELOPABLE SURFACES. 


Developable surfaces are defined as those for which the consecutive rays 
intersect. If W defines a curve such that the corresponding system of rays 
form a developable surface, then must W satisfy the differential equation 
di = 0, that is, W must satisfy 


(C) (fF )(fW)(FW)=0. 


There are then through each point of S two developable surfaces, real or imagi- 
nary. Consider now two curves W and 7 which are defined by the relations 
(fW)(f7)=90 and (FW)(FT7)=0 [or(FW)(FT)=0]. These two 
conditions are distinct from those for principal curves, the second condition in 
this case requiring more than the corresponding condition for principal curves. 
From the first of these conditions follows W,=n( f7)f, or T,=m( fW)/f,. 
The substitution of either of these relations into the second condition shows that 
the surfaces defined by these curves are developable surfaces. 

Let the ray through a point ? meet the cuspidal edges of these surfaces in 
the points P, and P,, which are called feci of the system. Let also p, and p, 
be the distances PP, and PP, respectively. If by &, 7, ¢ are denoted the 
coordinates of the cuspidal edge, then & = x + pX, ete., and since the ray is 
tangent to the cuspidal edge at the focus, it follows that dx + pdX¥ =XX, 


q 
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where A is a factor of proportionality. This last relation may be written 
(2 W)+p( XW)=XX and therefore for j =1, 2, 
This equation expressed in symbols is ( FW) F.+p(fW)f,=9. Let the 
value p, go with Wand p, with 7’. These give rise to the following system of 
equations : 
1) =9, 3) (D7) 
2) 4) @,(®7) + =9. 
From the multiplication of 1) by 4) and 2) by 3) follow 
®,( FW)(®T) P: P21, SW )(oT7), 
F,®,(FW)(®T) = )( $7). 
The subtraction of these two equations and the interchange of equivalent 


symbols gives 


20,p, =(F@)( F@). 
Now multiply equation 1) by (¢7')¢, and 2) by (¢7’)¢,, subtract them, and 


then do the same for 3) and 4). With proper changes of notation this gives 


the two equations : 
FW) + =9, 
(Fo)(¢W)( FT) — p,( f6)(oT)( fW) =0. 


From these equations is obtained p, + p,= —(fF')(,fF’), and therefore the 
desired quadratic is 


(D) 2p? + 2(fF')( fF) p+ (F@)( Fb) =0. 


It is at once evident that +, + r, = p, + p,- 

The point midway between the foci, and so midway between the principal 
points also, is called the mid-point and its locus is the mid-surface. 

The four equations (A), (2), (C’), (D) are here given with the complete nota- 
tion. In the next section the full form is needed. 


(A) fh) +(FW)( fF) W)=9, 
(B) 4° 4+48(7'F)( fF )r + &( + Fb)( Fd) = 0, 
(C) W)( FW) =9, 
(D) 2p? + ( fF) p+ &( F&)( Fe) =0. 


E 
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$20. THE COINCIDENCE OF THE FOCAL SURFACES.* 

It may be shown that if the two focal surfaces coincide the cuspidal edges 
unite into a system of asymptotic lines. Assume this to be the case and choose 
for S the combined focal surfaces. Since now the ordinary surface elements 
enter into the work, the symbols f and /’ are to be distinguished. Let 7 be the 
system of asymptotic lines, V their orthogonal trajectories. Then (/’l")’?= 0. 
Furthermore let X’, Y”’, Z’ be the direction cosines of the tangent to the curve 
U; X”, ¥", Z’ of the tangent to V; and VY, Y, Z of the normal to S. Then 
from § 11, 

X,=R,X + T,X" 
where 
X'=p(zU), A” = 9q(xV), ete., 
R,=p(FU)F,, T, = mt( fo)(¢U)( fU),. 


These equations involve only the orthogonality of U and V. According to the 
hypothesis Y’, Y’, Z’ are the direction cosines of the rays. Expressions are 
next to be found for the rectilinear congruence symbols. In this computation 
it is to be noted that 2, and 7, have actual meaning and are not symbols in 
the technical sense. 

From the relations = Xz, = 0, 
= it follows that 


FF, =2Xi2,=9(fV) TS, 


The next step is the investigation of the quadratic for r, viz: 
4° 4 48(f F)( fF )r+ &(F®)(F@) 


Consider now the coefficient of +, which may be written 


45*pgmt( fF')(fV)( 
(In the reduction to this form remove F’, F, first, then f; f;.) 
Since (fF’)(WU) =(WF’)(fU) + (#U)( fe), the above expression is 
zero on account of the conditions (fU )( fV )=90 and (FU) =0. 
The expression (P@)(/'®) + (F®)(/®) = 0 may be written 


(PV Ib) + 


The first term is zero and the second is — q’[( fV)( fZ')]*, which, by the re- 
moval of 7’ and the usual reduction of the number of symbols, becomes 
— |(fV)((f0), V) 

Consider now 8’ 8’~? = ( #7)’, which is easily derived from the notations. 
In the expression for (#7') apply (4) to (oU)(F, (fU)). This reduces 


* BIANCHI, 2 142. 
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(RT) to pmt( fb)(¢F)(FU) (U, (fU)), and if this expression be squared 
and (4) be applied to (#’'U )(y®), the result is 


(RT)? = p*m?t (fb) (fU))(U, (¥U)). 


Apply the method of (9) to (/®)(¢#/)(PU), and in the result put 


m( fo)(¢U) =(fV) and m(vx)(xU)=(¥V). 


This gives as a final result — p?#@(fV)(U, (fU )) K. If these 
results are now substituted in the quadratic for r, and reductions made by use 
of the relations mg =p, mt = and it follows that 
Whence the theorem: 

If the two focal surfaces coincide, then 4r° = — K, or in other words, the 
distance between the principal points is 1/V —K. 


HAMILTON, N. Y. 
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GROUPS WHOSE ORDERS ARE POWERS OF A PRIME" 


BY 


WILLIAM BENJAMIN FITE 


In this article two somewhat distinct methods are used to study the proper- 
ties of groups whose orders are powers of a prime. What may, for the purpose 
of distinction, be called the usual method is applied in the first part to establish 
certain properties of the commutators of a group. The commutators are differ- 
entiated among themselves by the introduction of the notion of successive com- 
mutators. The second part of the article concerns itself with the representa- 
tion of certain groups as irreducible linear homogeneous groups and then by the 
use of the theory of group characters as developed by Fropentus and Burn- 
SIDE establishes some properties of abstract groups. 


Part I. 


By a second commutator of a group G, of finite order, we mean a commu- 
tator formed by a commutator and any operator of G. Proceeding by succes- 
sive steps, we define an ith commutator as a commutator formed by an (i—1)th 
commutator and any operator of the group. It follows from the definition that 
any ith commutator is also a jth commutator if j <i. In particular, every 
commutator is a first commutator. All the ith commutators generate a sub- 
group which we shall call the ith commutator subgroup.+ We shall represent 
it by A,. It is evidently invariant in G. 

If G is of class k, identity is the only Ath commutator. Conversely, if iden- 
tity is the only Ath commutator of G', then G is of class 7, where] =k. Now 

j in the quotient group G'/ A, identity is the only ith commutator. This quotient 
group is therefore of class 7; =i. Moreover if Z is any invariant subgroup of 
G such that G'/Z is of class i, then Z contains A,. Hence if 7; <i, then A, 
coincides with A,_,. 

THEOREM I. A necessary and sufficient condition that a group G have an 


* Part I was presented to the Society September 16, 1904; part II, September 7, 1905. 
Received for publication March 18, 1905. 
t This should not be confused with the ith derived group. 
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a, 1 isomorphism with a group of class i is that its ith and (i—1)th com- 
mutator subgroups be distinct.* 

In order to make the foregoing statements apply to the case i = 1, we agree 
that A’, shall represent G' itself. 

If G@ has no invariant ith commutators, except identity, the group} G’ has 
no invariant operators, except identity. Hence, if i </, every group of class 
contains invariant ith commutators besides identity. 

TueoremM II. The operators of G that correspond to the invariant oper- 
ators of G" ave commutative with all the ith commutators of G. 

The theorem is true for i=1.§$ We shall prove it true in general by induc- 
tion. Let t(j = 1, 2,---) be any jth commutator and let s be any operator 
that corresponds to an invariant operator of G''’. We suppose that s’ is com- 
mutative with 


Then s-'t, =¢,_,h, being an invariant commutator 
of G. If A is any operator of G, then A~'t, , A =t,_,t,, and s“'As = Af, 
where ¢ is commutative with every (/ — 1 )th commutator, since it corresponds 
to an invariant operator of G'-"'. Hence 


=t,_,h- sts 


= A“t_hA=t_,t,h. 


Therefore s is communtative with ¢,. 
Tueorem III. Jf the ith commutator subgroup of a group G, of order 
p (pa prime), is of order p*, the class of G is equal to, or less than, a + i. 
For identity is the only ith commutator of G'®, and therefore k® =i. 
Hence k = 2+ 


If s(j=1,2,---,4/*") be a set of any &'*" operators (not necessarily 
distinct) of A’,, and if ¢, is any operator of A’,, we have 


Now is invariant in Therefore ¢,:+»,, is invariant in A, and 
Ski 41. : 

Suppose now that = 2i+1. Then Si, and in every ith com- 
mutator is invariant. Therefore k,= 1. Hence: 


*Cf. MILLER, Bulletin of the American Mathematical Society, vol. 4 (1898), 
p. 135. 

t By G® we mean the ith cogredient of G (see DE SEGUIER, Eléments de la théorie des groupes 
abstraits, p. 87) ; by Kj’ we mean the jth commutator subgroup of G”. 

t Cf. MILLER, loc. cit., vol. 11 (1905), p. 367. 

2See Transactions of the American Mathematical Society, vol. 3 (1902), p. 351. 

See Transactions of the American Mathematica] Society, vol. 3 (1902), p. 350. 

* Throughout this article we shall denote the class of G by k, that of its ith commutator sub- 

group by ki, and that of its jth cogredient group, G‘’), by k\. 


= A s 4 4 
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THeoremM IV. Jf a group G is of order p"( pa prime), then k, = i+1),* 
(i<hk). 

If L, is the second derived group of G, it is a divisor of A. This follows 
from the fact that A’/A,, being the commutator subgroup of G/A‘,, which is 
of class 3, is abelian. 

Suppose A’, is non-abelian. Then / = 2(i +1); and since the commuta- 
tors that correspond to the invariant commutators of G'" are invariant in A,, 
the commutator subgroup of G'’)(j =i + 1) could not be cyclic. 

If A, is of order Sa+i. Hence k, But since 
the operators of G that correspond to operators of G’ are commutative with all 
the operators of A’,, it follows that A’, must either be abelian or contain at least 
p’*' invariant operators, if G is of order p”. Now if k, = (a+ 7)/(i+1) and 
a>1, then the «th cogredient group of A, would be of class 2 and order 
when =(a+i7)/(i+1)—2. But this is impossible. We have there- 
fore the 

TuHeoremM V. Jf the ith commutator subgroup of a group of order p" (pa 
prime) is of order p*, it is of class k, <(a+i)/(i+1), except whena=1, 
and then k,=(a+i)/(i+1)=1. 

Suppose now that G, of order p”, is non-abelian and contains two abelian 
subgroups, G, and G,, of order p”~'. Let // denote the greatest common divi- 
sor of G, and G,. It is of order p”~*. Every operator of // is invariant in 
G. Therefore G’ is of order p? and k = 2. 

We proceed to show that if G', and G, are of class 4, , then k = 3(h7+4h,+2). 
We have just seen that this relation holds when 4, =1. We assume that it 
holds for all values of that are less than i. If 4,=iand 4>i+1, then 
every operator of G all of whose commutators are invariant is in /7. For if 
such an operator were not in G, (or G,) every invariant operator of G, (or G,) 
would have all its commutators in G invariant and k” =i—1. Hence 

We suppose now that £>i+ 1. If every invariant operator of G’, (or G,) 
is in /7, its (¢ —1)th commutators in G must be invariant. Hence the sub- 
group of G'® that corresponds to (, (or G,) must be of class] =i—1. If 
G, (or G,) has an invariant operator that is not in /7, while every invariant 
operator of G', (or G,) is in //, then the subgroup of G’ that corresponds to 


G, (or G,) is of class7=i—1. If both G, and G, have invariant operators 


not in /7, every invariant operator of // is invariant in G’, and every invariant 
operator of G is in //, since otherwise we should have k =i. Hence the sub- 
groups of G’ that correspond to G, and G, are of classi—1. In every case 
therefore G'” has two subgroups of 1/pth its order of classes equal to, or less 
than, i—1. By supposition then =} {(i—1)/+(i—1)+2}. This 
gives k = 3(i? +i+ 2), and the proof by induction is complete. 


*See Bulletin of the American Mathematical Society, vol. 9 (1902), p. 139. 
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If G, is of class k,>k,, we proceed to show that k=} {k, (2k,—k,)+h,+2}. 
As we have just seen, this formula holds when k,=,. We assume that the 
relation holds for all values of &,(= k,) up to, and including, i—1. Every 
invariant operator of G, is in 7, since otherwise G, would be simply isomorphic 
with 77’ and therefore k,—1<k,. Hence every invariant operator of G’, has 
all its (k,—1)th commutators in G invariant. The subgroups of G‘“’ that 
correspond to G, and G, are therefore of classes 7, = k, and /, = i—1 respec- 


tively. Hence, by our supposition, 


k,[2(i—1)—4,] +4, +2 k k,(2i—k,) +h, +2 
2 ’ 2 


IIA 


= 


That is, if the formula holds for /, = i — 1, it holds for the next greater value 
of k,. This result can be formulated into 

TueoremM VI. Jf a group G, of order p" (p @ prime), contains two 
subgroups of order p"-' and classes k, and k,(=k,) respectively, then 
kS3{k,(2k,—1)+h, +2}. 

Let G be of order p” and let D be the greatest common divisor of all its 
invariant subgroups of index p*. Then D contains A, and /’,, the subgroup 
generated by the p*th powers of the operators of G. If D is identity, then G 
is abelian and has no operator of order greater than p*. Conversely, if G is 
abelian and has no operator of order greater than p’, then J is identity. More- 
over,* D={XK,, P,}. 

If D is the greatest common divisor of all the invariant subgroups of index 
p*(a>1) and is of order p’, then & =a+-y—1; for any such invariant 
subgroup gives a quotient group of class 7 = a—1, and hence D contains the 


(a —1)th commutator subgroup. 


Part II. 


It is well known that the only substitutions of finite order permutable with 
every substitution of an irreducible linear homogeneous group of finite order 
are those which multiply each variable by the same number. Obviously then a 
necessary condition that a group be simply isomorphic with an irreducible 
group is that its central be eyclic.+ This condition is also sufficient if the 
group is the direct product of groups of orders p'", pi", ---, p”" respectively 
Pos p, being distinct primes). In proving this statement we shall use 
the following notation : 

*The proofs of these statements are similar to those given by DE SEGUIER, loc. cit., p. 115, 
for the subgroups of index p. Cf. BAGNERA, Reale Accademia dei Lincei-Atti, Rendi- 
conti, series 5, 1898, p. 63; Annali de Matematica, series 3, vol. 2 (1899), p. 264. 

+ The subgroup formed by the invariant operators of a group is called the central of the group. 
This term seems to have been used for the first time by DE SEGUIER, loc. cit., but he gives no 
explicit definition of it. 
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is the eyclic central of G of order ps pe 0”) 
is the subgroup of // of order p,; G, is the subgroup of G of order p. The 
number of systems of conjugate esi of G is: the number of systems 
of conjugate operations of G/// r.....: the number of systems 
of conjugate operations of G, is s,; the aie of systems of conjugate opera- 
tions of G.///'"” is 8°; the inesibiin of systems of conjugate operations of 
G,/11' that (in G'//7”) correspond to operations of G that give no invariant 
commutators besides identity is ¢,. 

If now G were not simply isomorphic with an irreducible group, every irre- 
ducible representation of G would also be a representation of at least one of the 
quotient groups The number of distinct irreducible representations 
i of any group (of finite order) is equal to the number of its systems of conjugate 
operations.* If, therefore, we show that 


k=1 


where 7, denotes the sum of the ,C, 7’s with / subscripts, it follows that the 
group under consideration is simply isomorphic with an irreducible group. 


Now 
(1) 


The first subscript in the left member denotes a particular combination of the 
subseripts 2, 3, ---, «, while the second subscript is the same with the addition 
of 1; in the right member []’ indicates that in the product s’ is to be placed for 

s, whenever i occurs in both subserips in the left member. Tf in equation (IT) 


we take all } 


wossible subscripts for a given /, and add, we get 


(IIT) "as, = DID -1). 


From (1) 


and (IIT) we get 


k=1 i=2 


The right member of this equation is positive. Hence: 
TueoreM I. A necessary and sufficient condition that a group whose 
order is a power of a prime or a group which is the direct product of such 


* The most direct proof of this is that given by BURNSIDE, Acta Mathematica, vol. 28 
(1904), p. 36. FROBENIUS and BURNSIDE had given indirect proofs before this. 
Trans, Am. Math. Soc. 5 


| 

| 

| 

i 
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Groups he simply isomorphic with an irreducible linear homogeneous group is 


that its central bea cyclic group. 
An irreducible abelian group operates upon only one variable. 
now the number of variables operated upon by an irreducible non-abelian group. 


We consider 


Let 


be the normal form of a non-invariant operation of an irreducible group G that 


gives at least one invariant commutator besides identity, and suppose that 


We select 72 so that S-'RS = R7, where 7 is the invariant commutator of 


highest order given by S. Now 7’ is of the form 


aor 


and therefore 


> how = ww, 


” 


If +, then when j and/ are both between » and A. +1. 
Now @;'@. will still equal @ if 


But if =o, is not necessarily zero. 
values, and i takes any one of, say, A,—A_,, 


j takes any one of A,—A_, 


values. Since the determinant of /2 does not vanish, we must have 


, and so on 


A —-A_,=A,—A_,. If 'w, then A,—A,_, =A,—A,_, 


in a cyele until we get back to o,. The number of elements in this eycle equals 
Therefore 


the order of 7’, and the sum of the @,’s composing the cycle is zero. 


If S corresponds to an invariant operator of G’, then ,¢ =, where ¢ is the 


order of * 7’. 


ST-' and the characters of any two conjugate operations are the same, we 


Since R-'SR 


have 


Therefore 


This isa much shorter proof than the one given above. The latter however has the advantage 
of showing also that the number of variables cannot be less than the number of invariant com- 


mutators, 


if 
> @. == 0. 
i 1 
i=l 3 
i 
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Let .V be the order of G and ¢ the’number of its systems of conjugate opera- 
tions. If yi(k=1,2,---, 7) is the set of characters of G corresponding to 
the irreducible representation g,, and if /, is the number of operations in the 


Ath conjugate set, then * 


Xe a= N. 


If we take g, as @ itself, this can be put into the form 


ha? 4- Dh, xX). =— N, 
where the summation extends over all the conjugate sets that are composed of 
more than one operation. But y} and y;’ are conjugate imaginaries and there- 
fore x x; is real and positive. If every non-invariant operation of G' gives 
an invariant commutator besides identity, every term in this summation is zero. 
Hence: 

TueoreM Il, The number of variables in an irreiucible linear homo- 
geneous group G is equal to the square root of the order.of G’, if every non- 
invariant operation of G gives an invariant commutator besides identity. 
The number of variables is less than this, but not less than the number of 
invariant commutators if G contains an operation the sum of whose multipliers 
is not zero. 

In particular, if G is an irreducible metabelian group of order V in n vari- 
ables, then x = 1 V/h, where h is the order of the central of G. 


m 


Since the number of variables in an irreducible group of order p” is greater 
than, or equal to, the order of its (4 — 1)th commutator subgroup, it follows 
that, if the central of G is cyclic, the order of G’ must be greater than, or equal 
to, p*®, where p® is the order of the (4 — 1 )th commutator subgroup. If G’ is 
of order p**, every non-invariant operation of the irreducible group that is 
simply isomorphic with G must have the sum of its multipliers equal to zero. 

TueoremM III. Jf the central, of a group of order (p an odd 
prime), is cyclic and of order p", then m — h must be even when KH is cyclic.t 

For if m — h is odd, G must contain a non-invariant operation 722 that gives 
no invariant commutator besides identity. Now /? must give some commutators 
besides identity. Suppose that it gives a commutator S in the (4 —7)th commnu- 
tator subgroup, but none in any higher commutator group; say 2-'A/? = AS. 
If S’” is the first power of S that is contained in the (4 — i + 1)th commutator 
subgroup, then, provided JV is cyclic, 22-'A’”R = A” S,, where S, is contained 

* FROBENIUS, Berliner Sitzungsberichte, 1896, II, p. 1359; BURNSIDE, Proceedings 
of the London Mathematical Society, vol. 33 (1900), p. 154; series 2, vol. 1 (1903), 
p. 123. 


+ For a special case, -see Transactions of the American Mathematical Society, 
vol. 3 (1902), p. 342. 
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in the (/ — i + 1 )th commutator subgroup and is distinct from identity.* But 
this contradicts the hypothesis. The theorem is therefore proved. 
Let //, be the ith central} of G. We shall denote its order by p". If A 


is eyelic, the subgroup of G that corresponds to the invariant operations of 


CG’ of order p**'', or less (a an integer), cannot be eyelic. If it were eyelic, we 
could denote by //, the subgroup of //, of order} '. would be in- 


variant in G and the commutator subgroup of G'/11, would be eyelie, as would 


also its central. But the order of its first cogredient would be p"~“~“*~', which 
would be an odd power of p, since p , being the order of the first cogredient 
of G/17_,, would be an even power of p. 

If the subgroup of G that corresponds to the invariant operations of G'’ of 
order p™, or less, were cyelic, then the subgroup corresponding to the invariant 
operations of G'’’ of order p**~', or less, would be eyelic, and this has just been 
seen to be impossible, Ilence if AV is cyclic, no central except the first can be 
cyclic, 

Professor BurNsiIDE has discussed irreducible groups in a prime number of 
variables with reference to their solubility.§ We shall here consider such 
groups, of order p", with reference to their classes. 

Let G be sucha group. It is non-abelian and A‘, is of orderp. If / = 2, 
is of order p?. 2, G contains a commutator, S, that corresponds to 
an invariant commutator of G’ of order p. Therefore S has just p conjugates 
and is invariant in a subgroup, G,, of G of order p"~'. This subgroup is 
reducible and therefore abelian, and it contains A’. Suppose that A is so 
chosen that G = {G,, 4). Then A” is invariant in G and A has p"™~*! 
conjugates. The order of A’ is therefore at least p”~*~'. If the order of Av 
were greater than this the commutator subgroup of G” would be of order greater 
than p”~**. But this is impossible. Therefore the order of A’ is p"~*-'. The 
order of AY, is p” and, in general, the order of A{(i=1,2,---, 4) is 
p-*'. Henee & = m — a, and the p’th power of every operator of G is 
invariant if || 7(p—1)=m—a—1. 

CORNELL UNIVERSITY, 

March, 1905. 

*If p—2, S, may be identity. This is the case in the groups of order 2‘ and class 3. The 
theorem is not true in the case of these groups. 

| See DE SEGUIER, loc. cit., p. 87. 

t In order that this may be applicable when j = 1, we agree that /, shall be zero. 

§ Acta Mathematica, vol. 27 (1903), p. 217. 

Bulletin of the American Mathematical Society, vol. 10 (1904) p. 347. 
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DIFFERENTIAL PARAMETERS OF THE FIRST ORDER* 


HEINRICH MASCHKE 


The general expression of a differential parameter of the first order is given 
oD 


in the symbolic representation + by 


(U’ ..-UA*fr... Vaf’ fe), 


where U’,.--, U* and V’,---, V* ave functions of w,, ---,,, and ---, 


are equivalent symbols of the differential quadratic quantic 


ds? = 
ih i 


&£=1 


These differential parameters and in particular the equations obtained by putting 


them equal to zero play an important role in all questions connected with the 
study of the orthogonality of directions in higher spaces. 

In $1 I set up four fundamental theorems concerning determinants, using 
ordinary (not symbolic) notation. In § 2 the symbolic method is applied to the 
construction of four important formulas which are used in the sequel and furnish 
at the same time numerous relations between differential parameters. In § 3 
the directions orthogonal to all directions in a space of dimensions given by 
the equations UV’, ..., U"~* = const. are determined and § 4 contains a general 
investigation of the conditions under which one space V’, .--, V"~* = const. 
contains directions which are orthogonal to all directions of another space 


U’,.--, U"* = const., and the determination of these directions. 


$1. Theorems on determinants. 


Designate the determinant of any quantities where x is the element 


occupying the place in the ith row and /th column, by 


* Presented to the Society (Chicago) April 22, 1905. Received for publication September 
30, 1905. 

t The symbolic method has been explained by me in the paper A symbolic treatment of the 
theory of smvariants of quadratic differential quantics of n variables, Transactions of the 
American Mathematical Society, vol. 4 (1903), pp. 441-469. I shall quote this paper by I. 
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let us further use the abbreviation 


where the number of elements w’,w*, --- is any. 


1) If we form the determinant of degree n + 1 the first x rows of which are 


A ae’ 2 


where the clements a) and w! are any arbitrary quantities, then the determinant 


will vanish if we take for the x + 1th row the elements 


where again the quantities ---, are any. But all the terms 
i? vanish. Thus, expanding the determinant according to its ele- 
ments of the rn + 1th row, we have 


A 


or, by putting 


k 
If finally we write > instead of A—1 and place 4’ between a‘~' and a‘*', we 
obtain the formula 
k 
This formula is identically true for all the involved quantities a}, 4) and uw}. 
2) We extend formula (1) by putting (a <2) 


a (k=1,---,A—p) 


and performing the summation first from 1 to #, then from «+1 tor. Thus 


we have 
k 1 


(2) 


bw) 


j 
a 
an = 
, 

¥ 
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I wish to prove the following theorem 


=s p peu a - 


where all the quantities are arbitrary. 

We prove by induction from A — 1 to A. 

Every term of the minor /” of the term ( p*«? -.- aw) in the original determi- 
nant /? contains the element @’ which can be placed just in front of the elements 
uw. The determinant /* is then of the same type as /’, with A — 1 instead of 
A, and a’, w instead of w, and since the theorem is supposed to be true for deter- 


minants of order >’ — 1, we have 


P* = ( yp ae p' 


) 


A 
k=1 


To this sum we can directly apply formula (1) and obtain 
P = ( p aru 
Hence the theorem is generally true, since it is true for X = 2, the equation 


pau) =(ppru)(deu) 


being «a special case of (1). 
4) Let py be any funetions of the indepen- 


dent variables ,, and define further 


(4) (pr, pr’, pur, u (v'v" . 


where on the left side the general element of any one of the first % columns 
is Opv'/Cw,, the notation otherwise being the same as in the preceding work. 


We prove again by induction from » to A + 1. 


/ 
\ vi 
» 
») 
pu 

(3) 
| 
or 
and 

Cp Ov' 
Cx, 
then I wish to prove the following theorem on Jacobians 
A 
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We have directly 


(pu', por, w) = p(po’, pr 
but from (4), by putting the first one of the quantities ~ equal to 
A 


Ail 
--- 
kt 


(pr',-- 
and similarly 
( pr’, PU", P. U) = pu) + > (a 


Each one of the terms of the last sum vanishes, hence 


(pr, 


or 


(pe, =pr'' (ev 


The theorem is true for ’ = 1, namely 
(pr, 


henee it is generally true. 


$2. PRelations between differential parameters. 


») In formula (2) we omit the quantities “7, put % =» and write X instead 
* be symbols of a quadratic differential quantie 
We finally multiply every 


We let further ¢’, ---, ¢ 
Y= 


of 

of » variables and designate them by / 

term of (2) by some alternating function [ 

Then the general term of the second sum 


Hence all the terms of this sum are equal and we have 


7] 


(Oo) 774 


6) In (5) we put 
symbols 


4 
i 
| 72 
PU", 
pa 1 
+ p* ( 
A q 
d = V'...., y+. 
i take 
4 
‘ 
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and multiply by (/’@), then the second term on the right side of (5) can 
transformed by means of (34), namely 


so that we obtain the following formula 


A 
k=1 


VVQP). 
7) If in (6) we put 


then we can apply to the first term on the right side the transformation I (54) 
so that 
UAL). 


The two terms on the right side of (6) combine then to 
VAS), 


and by writing LU’ instead of 7? we obtain with a slight change the formula 
. 


(Up)(U?--- Ve Veil... WAZ) 
k=1 
(7) 


8) I wish to prove that 


where every /“ on the left side stands for a set of n — 1 equivalent symbols and 
where ¢, is a numerical constant depending on m. Denote the left side of the 
above equation by R. 


I prove by induction from m— 1 tom. Then we have 


IT 


=e (U'.--U*', Ut... 


V?...V"f), 
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and if we develop the determinant-factor of 2 according to its elements of the 
first row 


k=1 


which reduces by means of (7) to 
R=(n—m+1)(n—1)! ---V"f). 


For m= 1 the theorem is true, and c,=1. lence the theorem is generally 


true. The constant ¢, is easily determined, namely 


¢, = 
so that 


)(V' 


$3. Determination of directions orthogonal to all directions 


in ad pine Space ag 


We define in a general space 72. of » dimensions whose are-element is deter- 
mined by 


(9) = a dy dy. 


a surface (space) of A dimensions, /2,. by the n — 2X equations 
(10) = const., ---, = const., 


. 


where the — quantities are functions of 


The » differentials dv, +--+, dx, satisfyimg the n — X equations 


(11) DU de =0, >, U" =, 
vent 


define a certain direction in I?,. We agree, as always in the following, to 
denote differentiation with respect to » by the lower index +. 

In order to solve the equations (11) symmetrically we introduce arbitrary 
functions V’,..., V* with the restriction, however, that the Jacobian 


(12) ... ©. 


| 
me). 
— 
| 
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If the minors of the element V‘ in D are denoted by A”’, it is clear that the » 
systems of differentials 

(13) = pA", .--, = pA™ 
satisfy equations (11) and represent » independent (i. e., not contained in a 
space of less than » dimensions) directions in /?,. The general direction in 2, 


—general solution of (11)—is then given by 


(14) dr, => p,A", ---, dx, = Lp, A", 
k=1 


where p,, ---, p, ave arbitrary parameters. 
If p is any arbitrary quantity we have 


(15) > => p,(V’-.- pV"... UV), 
| 


and this expression serves conveniently to define the direction dv,, ---, dr, as 
the ratios of the coefficients of p,,---, p,. We shall simply call it the diree- 
tion p. 

The condition that two directions defined by two systems dx and 6” are to be 


perpendicular to each other in 72) is 


or, in symbolic notation, 


n a“ 


(16) > f.de,=9. 
7 1 1 
If now the direction &x in f, is to be perpendicular to all the directions dx 
in /2 it will be necessary and sufficient that 6” is perpendicular to the » inde- 
pendent directions defined by (13). 


Hence 
(17) WU) > fbx" = 0 


for every =1,---,2. 

To solve these equations we adjoin again »—2 arbitrary functions 
W',---, W"- and form the determinant A of the derivatives of the quantities 
W with respect to .r,, ---, “, and the coefficients of the differentials 6x, in (17). 
We obtain 


A=(W’...W*-f" WAV) 
k=1 


and if we permute the equivalent symbols /’, ---,/* in all possible ways, add 


together and divide by X!, 


15 
A 
A 
> a da or = UP 
r, 
1 
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_ 
4=, W) 
(f’ Vit’ Viel... WAU) U) 


x 


which reduces according to (3) to 


Denoting now the minor of the element W* in A by B« we find the following 
n — X systems of solutions of (17) by taking the factor 


1 


parry- 
VAvU) 


into the proportionality-factor o, 


The general expression of any direction 6 in 72, perpendicular to every direc- 


tion in /2, is therefore given by 
n—A 
"ATT 
=(f'--- ) oo, Be 


or, using the notation explained in (15), 


(19) (UU f) Weg Wy), 


where o, ---o,_, are — A arbitrary parameters. 
By a proper selection of these parameters this expression can be considerably 
simplified. I put 
o,=(W*¢)(U"¢), 
where the » — 1 quantities ¢ are again symbols of (9). 
To (19) we can directly apply formula (6) where now the term 


vanishes for P = l”™ so that we have 


n 


r=1 
and since we are only concerned with the ratios of the differentials dx we can 


omit the factor 


| 
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which admits of actual (not only symbolical) interpretation and have now the 


result 


(20) 7,60! = p(U'S) (Gf) 

1 
which defines n — > independent directions in /?,, all of which are perpendicu- 
lar to the general direction p (15) in 22,. From (20) we form the general 
direction in /2, perpendicular to /2,, namely, 


A? 


n 


(21) 7,6", = 
where p,, ---, p,_, ave arbitrary parameters. Thus we have the following 
TuHeoreM I, Given a space of ® dimensions R, by the n — X equations 
= const., ---, U"~* = const., 
contained in the general space R of n dimensions defined by (9). Then every 
direction bx, :On,:---:62, in R which is normal at a point P of PR, 


possible direction in R, at P is given by the ratios of the coefficients 


\ to every 
in the CYPVESSION (21). 

A posteriori it is easily verified that the values of 61 taken from (21) or (20) 
satisfy equation (17), for 


n 


>, dri = p(U'd) (fo), 


and (U'd)( = 0 from I (34) for every value of 


iand 


$4. General study of the case where one space V contains directions 
orthogonal to all directions of another space U. 
If a space V of » dimensions 
(22) V’, V*,---, = const. 
contains a direction which is normal to all the directions of a space LU’ of 2X 
dimensions 
(23) U’, U*,---, U"-* = const., 


then the n — yu equations 


> Vide, =0 (i=1,--- 


must be satisfied by substituting for dx,,---dx, the coefficients of ¢ of the 


expression 
n—2Xr 


(24) (9) 


n—A 
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i. e., we must have 


(25) (Vib) dip, = 0 
k=1 


Every system of values p, satisfying these n — u homogeneous linear equations 
gives us one direction g of the required property. 
We treat first the case where the number of equations is less than the num- 


ber of unknowns p,, i. e., 
Then the general solution of (25) is 


where w, ---,@*~’~' are arbitrary quantities. Indeed the left side of (25) 


reduces by means of (7) to 


which vanishes for i=1, ---,2— wp. 
We obtain the direction ¢ itself by substituting the value of p, (26) into (24) 


which gives, again according to (7), 


(27) (Uf), 
Hence we have 

TueoreM II. Jf a space U defined by U’, ---, U"~* = const., and a space 
defined by V', ---, V"~* = const., have at least one point P in common, 
then there exists, provided that p>, at every point P always and in gen- 
eral (i. if no special relations between UU and V hold) only (7. @., 
we — X independent) directions in V which are perpendicular to all directions 
in U through P. These directions are given by the coefficients of q, --+q, in 
the expression (27). 

If there shall exist more than ~ — A independent directions in V normal to 
(’, then the rank* of the matrix of the-coefficients of p, in (25) must be 
<n—wp. If the rank is n—p—s, then there are «—2+s independent 
directions. Putting in this case for abbreviation 

n—p—s+1l=a, 
we see that every determinant 
(Un fe) fe) 


* A matrix is of rank r if all its determinants of degree r + 1 vanish, but not all its determi- 
nants of degree r. 


/ 
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must vanish for all values 
Applying now to this determinant formula (8) we have the conditions 


(U4... ( V" = 0. 


If these conditions are satisfied the quantities p, are determined by any (properly 


chosen) n — « — s of the equations (25). We find 


and the required » —2% +s independent directions as the coefficients of 
J, 


We have, then, the following 

TueoreM III. Jf a space V (22) and U (23), where w >, have at least 
one point P in common, then the necessary and sufficient conditions that V at 
every point P contains 1 —X-+ 8 independent directions which are perpen- 
dicular to all directions U through P are 


(U7... Vu...Vaf)=0, 


for every set of values 
—A, 
and 


— 
where 


a=n—p—s+l. 
These directions are given by the coefficients of q,, +++, q, in 


Applying now similar methods to the discussion of the remaining cases u = r 
and «<2, always using equations (7) and (8) for reduction, we are led to the 
following theorems. 

TureorEeM IV. Jf two spaces of equal dimensions U’, ---, U"-* = const., 
and V',---, V"-* = const. have at least one point in common, then the neces- 
sary and sufficient condition that V contains at every point P one direction 
normal to all directions in U through P is 


= 9. 
This direction is given by the coefficients of q,--+q,, in 


| 

| 

| 

| 
| 

] 
. 

t 
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where k is arbitrary. In this case there is also one direction in U which is 


normal to every direction in V: it is given by 
(qU’.--0"U' 


THEOREM V. /f'a space V (22) and U (23), where p=, have at least one 


point P in common, then the necessary and sufficient conditions that V at 


every point P contains s indepe ndent directions which are normal to all diree- 


tions in U' through P are 
(Va... fy =0 


for every set of values 


where 
n=-A—s+1. 


These directions are given hy the coefficients of 4, a, in the erpre ssion 


THE UNIVERSITY OF CIIICAGO, 


September, 1905. 
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THE KRONECKER-GAUSSIAN CURVATURE OF HYPERSPACE® 


BY 
HEINRICH MASCHKE 


$1. Definition of the Kronecker-Gaussian curvature. 


Let w’, w, .--, w”*! be the codrdinates of an euclidean space of n + 1 dimen- 


sions, S.,, i. e., a space whose are-element is determined by 


n+l 


(1) ds? = > ( da 


A=l1 


then we define any hypersurface, or, as we shall simply say, any space, of 1» 
dimensions, /?,, contained in S ,,, by expressing each of the codrdinates x* in 
terms of independent variables u,, v,, ---, 


The are-element of /?, is given by 


n 


(2) = du,du,,, 
i, k=1 

where 

(3) 


or 


(4) 


if we agree to indicate differentiation with respect to w, by the lower index 7. 
It will be sometimes convenient to write simply 


n+1 
> (x) instead of > (2*), 
A=l1 


where (2) stands for any quantity involving or defined by 2”, e. g., 


b The n + 1 direction cosines X* of that direction in S,,, which is normal at a 
4 point P of 2, to n independent (i. e., not contained in a space of less than n 


* Presented to the Society (Chicago) April 22, 1905, under a slightly different title. Received 
for publication September 23, 1905. 
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dimensions) directions ds’, ---, ds" in 2 at P are found to be 


where 8 denotes the reciprocal square-root of the determinant |@,, It follows 


at once that 


(7) > X?=1, 
(8) > = 9 «++, 


The Gaussian sphere is defined as the surface (space of x dimensions) whose 


coordinates are .V*; its equation is (7). 
Let now d@ be an (7-dimensional ) infinitesimal element of 72, and dQ the 


corresponding element of the Gaussian sphere; then the quotient 


IQ 


daw 


is KRONECKER’s extension of the Gaussian curvature* —the Kronecker-Gaussian 


curvature of 2 . 
To give its analytic expression, we define 


(10) a, = > 


or 


(11) 


then 


(12 k= 


=~) 
a 


$2. Proof that WK is expressible in terms of a, . 


We write symbolically 


(13) = ff, = 2% ,%, 


and introduce the second covariantive derivatives, defined by 


= — Ub); 


ah . 


then 


Xx" = Sb ) X rp ). 


*Cf. KILLING, Die Nicht-Euclidischen Raumformen, p. 210. 


4 
A—! Atl 
(9) 
= 
| wel n+l 
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But >> V(#¢d) = 0 on account of (8), so that 


(14) Xr, = 


From (13) we deduce 
Daa" + Dar =f =0 


on account of I (84).* 
Permuting in this equation i, /, 7 cyclically we obtain two other equations, 


and from these three equations we have 


(15) =Q. 


Solving now the x + 1 equations 


h 


for the » + 1 quantities «* we obtain 


Therefore from (7) 


(18) — %;,%,, = D(a — aa”). 
The sum in (18) can by (15) be transformed into 
La, (a — 
which by I (111) combined with 
= 
e( —f'")( fb), 
=(n—-1)'S, 


according to I (34) we have, using formula I (113), finally 


goes into 


But since 


(20) = a, a, =f" —f*f"; 


or 


9 ( 
(21) — %,,%,, = (tkrs), 


*I quote my paper A symbolic treatment of the theory of invariants of quadratic differential quan- 
tics of n variables, these Transactions, vol. 4, pp. 441-469, October, 1903, by I, and my paper 
Differential parameters of the first order in this number of the Transactions by D. P. 


‘ 

83 
| 
= 0 
( 16) = it 
(17) — ait (a, — X?. | 
} 
4 
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where (ikrs) is the quadruple index symbol, a quantity which involves the co- 
efficients @,,, its first and second derivatives.* 


If now x is even the determinant 


(22) A=|a 


can directly be expressed in terms of its minors of the second degree. If x is 
odd we apply the following general theorems on determinants which can easily 
be proved 


(23) 
al 


ka? 


where A, denotes the minor of a, in the determinant A. Since every A,, is 
again of even degree, we see that A* can be expressed in terms of the second 
degree minors of A. It follows then in general from (12) the well known { 
theorem that 

The Nronecker-Gaussian curvature can be expressed in terms of the coeffi- 
cients Wing their first and second derivatives. 

I mention in passing an interesting result holding in the case where x is odd 


which follows at once by means of the preceding results from the general formula 


(24) 


We see here that a 


Therefore, if we call in analogy with the familiar case n = 2, D0 a,,du,du, the 


itself can be expressed in terms of the coefficients «,,. 


first, and }° a, du,du, the second fundamental differential quantic, we have the 
theorem : 

If n is odd, the coefficients of the second differential quantic are individually 
expressible in terms of those of the first differential quantic. The second dif- 


ferential quantic is determined by the first one. 


$3. The expression of WK in terms of a,,. 


We proceed to compute the determinant of even degree 


(26) 


* Its unsymbolic expression is given, e. g., in BIANCHI’s Vorlesungen iiber Differential-Geometrie, 
p. 51. 

t For references on the (older) theory of the Kronecker-Gaussian curvature see KILLING, 
l. c., p. 263, 264. 


Mc A;,, A,, 
... Kom 
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Combining (21) with I (119) we have 


= (i, = 


(fa), 


with the understanding that the » — 1 symbols « appearing in every successive 
pair (fa) and ( fw)” are equal, otherwise distinct. 

The same determinant could have been computed by starting from any other 
permutation of the rows i with respective change of sign. Adding together all 
the expressions so obtained and dividing by (2m)! 8’ we have, by finally chang- 


ing rows and columns, 


m 


If now n is even, we have at once the desired result : 


The case where x is odd presents greater difficulties. In this case we have 
to compute A* given by formula (23). The degree of the determinant 


Ais 


coe 


“nl 9 “a, A—19 “nn 


being even we can apply (28) and obtain, putting » = 2m +1 and indicating 
each determinant by its diagonal term, 

and similar expressions for A,,, A 

By taking according to I (119) 


and 


im 


85 | 
(21) 
Bis 
and therefore | 
4 
hey 
a 
| 
| 
' 
| 
| 
A 
A,,=(—1) 

| 
J 
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a 


= (ikdp) = €( fe); (be), —F 


we find 

In this sum all the terms in which } = uw vanish; we can, therefore, perform the 

summation first with respect to A, then with respect to « and divide the result 


by 2 
But since 


A=1 


and a similar reduction takes place for the other forms, the sum reduces simply to 


1 
ge lS — 


The expression thus obtained for A* holds for all values of i and &. Taking the 


sum of all these and dividing by x’ we have 


n+2 


x [('S)($'$) — 

Here again the » — 1 symbols a in two consecutive terms (fa) and (fa)?*? 
are equal, likewise the symbols 4 in (¢))** and ($b)**'. 

To obtain a further reduction of the above expression we apply D. P. (1) to 
the product 

We have 
= (SO) + Pf"). 


(30) 


( fay"). 


But all the terms of this sum become equal if we multiply by ((fc)’( fa)? 


For instance in 
we can permute f? with /* and also (fw) with (fa)* because the corresponding 


symbols a are equal. 


In 


(FAO) (fay ---( fay" ) 


we permute /* with f*, also f* with #° and the symbols a in ( fa)’, (fa)* with 
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those in (fa)', (fa)’, i. e., (fa)? with (fa)* and ( fw)’ with (fv). In both 7 
cases the two expressions become equal to ; 


(fay (fay ---(fa)")- 


— 


Thus we have the final result 


» (( fe)’ (fay --( fay") (bby 


~ n—1)!]" 
x 


(31) 


$4. The Kronecker- Gaussian curvature as invariant of a general 


differential quantic. 


The 1) quantities a, considered as functions of are not 
2 tk l 
independent if n> 2. On account of (4) there must indeed exist }n(n—1)— 1 


relations between them. 


Let us, however, consider a differential quantic 


n 
(32) ds:* = > du,du, 


é, &=1 


9 


where the «,, are unrestricted. If now we form the quantities A’ (30) or A’? 
(31) according as x is even or odd, then these expressions are, as is obvious 
immediately from their structure, differential invariants of (32). 

This invariant Kv might properly be called the Nroneckerinvariant of the 
differential quantic (32). If the are-element ds defined by (32) belongs to a 
space 2 contained in an euclidean space of n + 1 dimensions, then K becomes 


the Nronecker-Gaussian curvature, and if n = 2 the Gaussian curvature. 
The expressions (30) and (31), especially (31), can be modified in several 
ways. I mention only that for x = 3 the invariant A” is identical (leaving a 


numerical factor aside) with the invariant A’, given in I (139). 


$5. The Kroneckerinvariant WK of a space of X dimensions R, represented as 


a differential parameter of a space of higher dimensions 2, containing R,. 


As in D. P. § 3 we define in a general space 22, of » dimensions whose are- 


element is determined by 


(33) = > dx, dv, 


a surface (space) 22, of X dimensions by the » — > equations 


(34) U’ = const., .--, U"~* = const. 


| 
| 
| 
a 
| | 
| 
a 
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We shall first determine the arc-element ds of #2, in terms of % independent 
variables ---, and then form the Kroneckerinvariant A’ of ds’. 
For that purpose we adjoin, as in D. P. $3, A arbitrary functions V’,---, V* 


with the restriction that the functional determinant 


According to D. P. (14) the general are-element ds in 2, is then determined 


by 
(36) dx, = pA", dv, => pA 
k=1 


where .1“ denotes the minor of the element V* in A, and where p’, ---, p* ave 
X arbitrary parameters. 

On the other hand, the space /?, defined by (34) can also be defined by ex- 
pressing its codrdinates » in terms of independent variables w,, ---, u,. If 


we do this, we have for the differentials ¢ the expressions 


cw 
(37) dy. du, > » 
To make the expressions (36) and (37) equal we write first p* du, instead of 


p* in (36) so that 


(38) dx, = A* du, 


and we have now to set up the integrability-conditions of (38), i. e., the equations 


(39) C(pA”) 
Cu, 


following from 


(40) 


If we denote differentiation with respect to «* by the lower index / we find, 


M being any function of «, 


Cr 
Cu, 


and by (40) 
(41) > A*, 
s=] 


Cu, 
so that (39) becomes 


which reduces to 


| 
Cr 
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This equation holds for i, k=1,---,X andv=1,---,n. 
Keeping now i and &: fixed we have n equations before us. Instead of using 


this system of x equations, say 
(44) 


we can use the equivalent system of x equations 


(45a) U:P 


r=) 


which follows from (44) and from which conversely (44) follows on account of 
(35). 


Considering the signification of the quantities A”, we reduce equation (45) to 


>, Al — A") = 0. 


But this equation is identically true on account of the relations which arise from 
differentiating the two equations 


> A” =0 and U7 =0 


with respect to 2. Thus equations (457) are satisfied without any further con- 


dition. Applying similar reductions to the equations (45) we obtain 


for every value of i different from /. We have therefore 


F(u,) 
y= A”? 
and by introduction of 
F(u,) du, = du; 


and writing again w instead of «’ which amounts to p* = 1/A we can state our 
result as follows : 


| 
P =0, 
(ok A 
0, 
8 Cn, 
and this gives us by (41) ’ 
A 
= 0 
Cu. 
i 
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Tf a space BR, is given by the equations U' = const., ---, U"~* = const., 

then by adjoining ® arbitrary functions V\.--V* which have only to satisfy 
the condition that the functional determinant 


. 


the differentials dx of R, can be written 


1 A 
46 r= hy ] 
(46) dx, Ad du, 


where A™ denotes the minor of the element V" in A. 
To find the expression for ds* in terms of w,---«, we apply the symbolic 
method, introducing symbols for the differential quantic (33) by putting 


We have then 
(47) d:* = 


To form this expression we deduce from (46), understanding by p,, p,, -+- 2,5 
any x quantities 


dx = At du,, 


or, performing the summation with respect to 7 on the right side 


n 1 A 
Lp dit, = gn V’... Vin du,. 


Hence 
(V'.-- Ve" VAU)du,du,. 


Let us introduce also for ds* as given in terms of u,---u, symbols by writing 


(49) ds? = (x E, du, 


then we have 


(50) Vi fy... WD). 


We now proceed to compute the Kronecker invariant A’ of the differential 
quantic (48) assuming A to be an even number. 
In this case we have from (29) 


(651) 


where the invariantive brackets ( ) are to be formed with respect to ds’. As 
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to notation we shall in all doubtful cases use the index uw when reference to ds’ 
is required. 


We have from (41) 


~ 


(52) Cu, = 


1 


aa 


and by D. P. (3) 


hence 
|W’... 
and 


1 1 
(53) = 


Ba 
To compute 8 we apply D. P. (3) to (50) and obtain 
pat 
which leads by squaring and considering that ( 7’)? = X! on account of I (17) 


to the required value of £_, 


B? 
u“ 


U) 


r! A? 
+++ 
or, denoting the denominator which is differential parameter of ds*, by AAU, 
(64) 
55 
= 


Thus we find 


(56) (J), = Vag M’U) 


and 
' 


(57) (F) = Nau (f’:-- 
so that we have 
(( =o@ ( w( faU),---,@( fau), U) 
where 
rn! 
o= 


By means of D. P. (4) the right side of the above expression becomes 


u AA 
1 
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w* fav)’, U 
+o (fav (fu --- W). 


k=1 


To form G we have to multiply this by 


I wish to show that after this multiplication has been performed each term of 
the sum = 7, + 7, vanishes. 


For that purpose it is sufficient to consider the first term 7, which may be 


written more fully 


or, denoting briefly the terms f’, by V, 


(59) Ve, +++). 


By means of D. P. (1) we develop 


+4 


But all the terms of this sum become equal after multiplication with 


(w,(f?a---aU), ---) as one sees by permuting, e. g., in the second term 


the two equivalent symbols a? and a*. We have then 


T,=r( AV (fra---@U), 


On the other hand by permuting the equivalent symbols 7? and a? in (59) we 


have 


7, ( ar V a fe... f V)(@, (f?a.--aU), vee), 


whence 7,=0. It follows in the same way, that also 7,=0,.---. This 


leads to 


G =o *(( faU 


and to the final result 


(60) K= (fal (fall h 


where 
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OY, (fav) =(f', &,---, a, UC), ete. 

Two sets of symbols a? .-- a are equal in any two successive brackets ( fa U )**', 
) : 

(faU )*, otherwise distinct. All the symbols are symbols of the differential 


quantie 


; ik i k 


i, k=1 

The principles which lead to this expression of A’ for even values of A will 
doubtless also be sufficient to solve the more complicated problem for the case 
of odd values of xn. 

Finally I wish to make an interesting application to the caseX = 2. Formula 
(60) gives immediately : 
U)( OU) 

PUY 

Let us first assume alson = 2. Then the U's disappear and since 


=2 


we obtain the ordinary Gaussian curvature 


(61) K= 


Take now x=8 and let #, be the ordinary euclidean space, i. e., a, = 1, 
3 au 
a,,=0,if i +k. Then we have only one function U, and if we write the equa- 


tion U7 = const. in the form 


F(x, y,2)=9, 


an easy computation transforms the expression (61) into the familiar form 


so that one and the same formula (61) involves the two apparently so heter- 
ogenous expressions (62) and (63) of the Gaussian curvature. 


THE UNIVERSITY OF CHICAGO, 
September, 1905. 
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GROUPS CONTAINING ONLY THREE OPERATORS WHICH 
ARE SQUARES* 


BY 


G. A. MILLER 


Every group besides the abelian group of order 2* and of type (1,1, 1, ---) 
contains at least two operators which are squares of other operators in the group. 
If there are only two such operators they constitute an invariant subgroup and 
the corresponding quotient group contains only one operator which is a square. 
All the groups which satisfy this condition have recently been determined.+ 
The present paper is devoted to a complete determination of the groups involv- 
ing just three operators which are squares. As the identity is its own square 
such a group ( G) contains only two operators besides the identity which have 
the property in question. 

If the order (gv) of G is divisible by an odd number, this number is 3 and G 
includes only one subgroup of this order, since every operator of odd order is 
the square of some power of itself. As such a group cannot contain an operator 
of order 4 and its order is 3.2%, it must be the direct product of the abelian 
group of order 2* and of type (1, 1,1, ---), and the cycle group of order 3; 
or one of its subgroups of order 3.2*~' must be of this type. In the latter case, 
G is evidently the direct product of the symmetric group of order 6 and the 
abelian group of order 2*~' and of type (1,1,1,---). In what follows, these 
trivial cases will not be considered. Hence g will always be of the form 2% and 
G contains only operators of orders two and four in addition to the identity. 
Moreover, each of the two operators (¢,, ¢,) which are squares but are not the 
identity is of order two and hence it is the square of some operators of order 
four. We shall first prove that ¢,, ¢, are invariant under G. 


$1. Jnvariance of the operators which are squares. 


If ¢,, ¢, were not commutative their product would be of order four. As 
t,t, is transformed into its inverse by both ¢, and ¢, the square of ¢,¢, could not 
be either ¢, or ¢,. Hence the assumption that ¢,, ¢, are not commutative leads 
to a contradiction. From this it follows that the four group 1, ¢,, t,, t,t, is 


* Presented to the Society (San Francisco) September 30, 1905. Received for publication 
September 4, 1905. 
tMathematische Annalen, vol. 60 (1905), p. 597. 
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invariant under G and that ¢,¢, is an invariant operator of G. If ¢, is not 
invariant under G it must be invariant under a subgroup // whose order is g/2. 
As every operator of G transforms the given four-group into itself it follows 
that ¢, transforms every operator of (¢ — // into itself multiplied by ¢,¢,. 

Let s be any operator of G — //. From the preceding paragraph it results 
that ¢, st,s = ¢,t,s°. If s*=1 the operator ¢,s would have ¢,¢, for its square, 
which is contrary to the hypothesis. If s*? = ¢, the operator ¢,s would have ¢, 
for its square. Hence ¢, would be commutative with ¢,s and as it is commuta- 
tive with ¢, it would also be commutative with s, which is contrary to the hypo- 
thesis. Finally, s* is not ¢, since s and ¢, are not commutative. As the assump- 
tion that there is some operator in G' — // leads to an absurdity it follows that 
each of the operators of the four-group 1, ¢,, ¢,, ¢,¢, is invariant under G. 
This result may be stated as follows: Jf a@ group of order 2* contains only 
three operators which are squares of its operators, each of these three operators 
is invariant under the group. 

Since the quotient group of G with respect to the subgroup 1, ¢,, ¢,, ¢,¢, is 
composed of operators of order two in addition to the identity it is clear that 
the commutator subgroup is included in this four group. Hence every commu- 
mutator of G is invariant. Moreover, G cannot be abelian since the product 
of two square operators of any abelian group is a square under the same group. 
The commutator subgroup of G must therefore be either of order two or of 
order four. 


§ 2 


. Groups in which the commutator subgroup is of order two. 

There are two cases to be considered. In the first case the commutator sub- 
group is generated by an operator of order four contained in G’, while this 
subgroup is 1, ¢,¢, in the other case. We shall see that there is just one group 
of order 2°, 8> 3, under each of these cases. In the first case it may be 
assumed that the commutator subgroup is 1, ¢,. Let s represent any operator 
of G whose square is ¢,. Since ¢,t, is not a square under G it follows that s 
is not commutative with any operator whose square is ¢,. That is, in all the 
groups under consideration two operators of order four which have different 
squares must be non-commutative. Hence s is commutative with each operator 
of a subgroup HZ whose order is q/2. 

It is easy to see that /7 includes all the operators of order 2 which are con- 


tained in G', otherwise the product of s into such an operator would have ¢,¢, 
for its square. Hence G — // is composed of operators of order 4, and includes 
all the operators of this order whose square is ¢,. The product of s into an 
operator of G — JT whose square is ¢, is an operator whose square is ¢, while 
the square of the product of s into an operator of G — H whose square is ¢, is 
t,. lence just half the operator of G — H have ¢, for their squares. 


/ 
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Let s’ be any one of these operators. The operators of G which are commu- 
tative with s’ include just half the operators of 7/7. All of these operators are 
of order 2 since all the operators of order 4 in // have ¢, for their square. Since 
the product of s into any of these operators is of order 4 it follows that exactly 
half the operators of /7 are of order 4 and that each of the operators of order 
2 in // is commutative with every operator of G', as it is commutative with s 
and with at least half the operators in G — //. From this it follows that // is 
abelian and of type (2,1, 1,1, ---). As these conditions define G com- 
pletely it has been proved that there is one and only one G of order 2°, B>>~ 3, 
in which the commutator subgroup is generated by an operator of order four. 

We proceed to consider the case in which the commutator subgroup is 1, t,t. 
Let s and // have the same meaning as before, and let s’ represent any operator 
of G whose square is ¢,. As observed above s’ is in G — //. No operator of 
G' — IT can have ¢, for its square since ¢,¢, is not a square under G’.  More- 
over, s into any operator of order 4 in G — // is an operator of order 2, and s 
into any of these operators of order 2 is of order 4. That is, just half the 
operators of G — // are of order 2 and the operators of order 4 in G — // have 
(, for their common square, 

As s' is not commutative with any operator of order 4 in // it must be com- 
mutative with each of the operators of order 2 in //. That is, each of the 
operators of order 2 in // is commutative with every operator of order 4 in 
G — //, and as such an operator is also commutative with s it follows that cach 


operator of order two in I is invariant under G. Hence // is again the 


abelian group of order 2°~' and of type (2,1,1,---). As the given condi- 
tions determine G completely there is only one such G whose order is 2°, 83. 
This completes the proof of the statement at the beginning of this section that 
there are exactly two groups of order 2° in which the commutator subgroup is 
of order two and just three operators, including the identity, are squares under 
the group. In one of these groups the operators of order two together with the 
identity constitute a subgroup of order 2°~* while these operators constitute a 
subgroup of order 2°~' in the other. 
$3. Groups in which the commutator subgroup is of order four. 

An operator of order two cannot be transformed into itself multiplied by ¢,¢, 
by an operator of order two since ¢,¢, is not a square under G. Hence G must 
involve operators of order four which are transformed into themselves multiplied 
by ¢,¢, under G. Let s represent such an operator of order four and let /7 
represent the group formed by all the operators of G which are either commu- 
tative with s or transform s into ¢,t,s. Let H’ be the subgroup of ZZ which 
is composed of all its operators which are commutative with s. We proceed to 


prove that /7’ is abelian. 


1906] THREE OPERATORS WHICH ARE SQUARES if 


All the operators of order 4 in /7’ must have the same square (f, ) since they 
are commutative with s. Hence just half the operators of /7’ are of order 4. 
The product of s into any operator of order 4 in // — //’ is of order 2 and the 
product of s into any operator of order 2 in //— //’ is of order 4. Hence just 
half of the operators of //— //’ are of order 4 and all of these operators have 
t, for their square. 

Let ¢ be any operator of order two contained in //’. As the commutator 
subgroup of /7’ is either 1 or 1, ¢, it follows that the operators of 77’ cannot 
transform ¢ into more than two operators, viz., into ¢, ¢,¢. Moreover, none of 
the operators of //— //’ can transform ¢ into ¢,¢,¢ since none of these oper- 
ators has ¢, for its square. As these operators could not transform ¢ into ¢,¢ it 
follows that ¢ is invariant under G. That is, each of the operators of order 
two in HT’ is invariant under IH. This proves also that //’ is abelian and 
that the commutator subgroup of /7 is 1, ¢,¢,. It also proves that every oper- 
ator of order four in G which has ¢,¢, for a commutator must also have ¢, and 
¢, for commutators and that the order of // is g/2. 

Every operator of G — // transforms each operator of order 4 in // into 
itself multiplied by either ¢, or ¢,. There are two cases to be considered. In 
the first G’ — // contains operators which are commutative with every operator 
of order two in //, Such an operator could not be of order two since ¢,t, is 
not a square. Ilence we may assume that G' — // contains an operator (7) of 
order four which is commutative with every operator of order two in /7 and 
transforms each of the other operators into itself multiplied by ¢,. Since ¢ 
into some operator of order two in /7 transforms each operator of order 4 in // 
into itself multiplied by ¢, and since the product of ¢ into the given operator has 
the same square as ¢ has it follows that there is only one such group, and that 
ach of the operators in G' — JT is of order four. 

This group of order 2°, 8 > 4, contains an abelian subgroup of order 2°~! 
and of type (2, 1, 1, ---). The remaining operators are of order 4 and 
exactly half of them have the same square as the operators of order 4 in this 
abelian subgroup. It contains 2°~-* invariant operators and its operators of 
order 4 which are contained in the given abelian subgroup have only two con- 
jugates under G' while the remaining operators of order 4 have four such con- 
jugates. Its group of cogredient isomorphisms is of order 8 and involves no 
operator of order 4. Its non-invariant operators of order two have only two 
conjugates ; in fact, the non-invariant operators of order two in all the groups 


under consideration have only two conjugates. 

If G — H does not involve any operator which is commutative with every 
operator of order two in //, each of these operators transforms the operators of 
order 4 in /Z into themselves multiplied by the two distinct operators ¢,, t,. 
Each operator of order two in // is therefore transformed into itself or into 
itself multiplied by ¢,¢, by means of every operator in G — ZZ. Some of the 
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operators which are invariant under // are transformed into themselves multi- 
plied by ¢,¢, by means of the operators in G — //, otherwise there would be 
operators in G — /7 which would be commutative with every operator of order 
two in JZ. Hence all the transformations of /7 which need to be considered 
are conjugate under its group of isomorphisms, that is, it is necessary to consider 
only one such transformation. 

All the operators in G — // are again of order 4, since an operator of order 
two cannot transform another operator of order two into itself multiplied by 


t,t, in any of the groups under consideration. Since two operators may be 


found in G — // such that their squares are distinct but that they transform 
H in exactly the same manner it follows that this case leads to only one group 
of order 2°, 8 > 5. The group of cogredient isomorphisms of this group is of 
order 16 and contains only operators of order two in addition to the identity. 
It is conformal with the preceding group but each of its operators of order 4 
has four conjugates under G while this is not the case in the one considered 
above. Hence it does not include an abelian subgroup of order 2°-'. In this 
respect it differs from the three which precede. The number of its operators 
whose square is ¢, is equal to the number of those whose square is ¢,. 

The main results may be stated as follows: If a group contains three and 
only three operators which are squares under the group it is the direct product 
of an abelian group of order 2* and of type (1, 1,1, ---) into the eyclie group 
of order 3, the symmetric group of order 6, or a group of order 2°, 8> 3. 
When 8 = 4, there are two such groups of order 2° ; when 8 = 5, there are 
three; and when 8 > 5 there are four. In the last case, two of the groups have 
a commutator subgroup of order two while the other two have a commutator 
subgroup of order 4. Whenever the order of these groups exceeds the minimum 
order for which a group having the required properties can be constructed, they 
are the direct products of groups having the minimum order and an abelian 
group of type (1,1,1,---). Hence all the groups in question can be con- 
structed by forming the direct products of an abelian group of this type and 
two groups of order 16, one of order 52 and one of order 64. The operators 
of order two in such groups have at most tivo conjugates while the operators of 
order 4 may have either two or four conjugates under the entire group. 

Each of these four possible groups of order 2° has exactly 2°-* — 1 sub- 
groups of order 2°~', since the only operators which are common to every pos- 
sible subgroup of this order are 1, ¢,,¢,,¢,¢,. The two possible groups of order 
3. 2* have exactly 2*— 1 subgroups of order 3.2*~', since there are only three 
operators which are common to all such subgroups. These facts exhibit the 
close contact between the present paper and the following: On the invariant 
subgroups of prime index, Transactions of the American Mathemat- 
ical Society, vol. 6 (1905), p. 326; Generalization of the Hamiltonian 
groups, Mathematische Annalen, vol. 60 (1905), p. 597. 
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THEOREMS CONVERSE TO RIEMANN’S ON LINEAR 


DIFFERENTIAL EQUATIONS* 


BY 
DAVID RAYMOND CURTISS 


In the fragment Zwei allgemeine Satze tiber lineare Differentialgleichungen 
mit algebraischen Coefficienten numbered XXI in his collected works, RIEMANN 
laid the foundation of the modern theory of linear differential equations by 
regarding the solutions as a linear family and studying the substitution group 
of such a family. The importance of his results will perhaps lend interest to an 
investigation of theorems of a converse character. The present paper is not, 
however, concerned with the two theorems from which RIEMANN’s fragment 
takes its name, but with two others from which they are deduced. 

Although the paper referred to discusses only differential equations all of 
whose singular points are regular, we add no new difficulties to our problem if 
we generalize the results there obtained to the case of n + 1 linear families of 
the mth order, y\?, y, ---, y"*, all analytic in the same m-tuply connected 
region 7’ , and having the same substitution group (Monodromiegruppe) in 7’. . 
The term basis will be used here to designate any system of » linearly indepen- 
dent members of a family. If bases chosen from different families have the 
same group of substitutions they will be said to correspond, and homologous 
members of such bases will be called corresponding branches. With this ter- 
minology the two theorems of R1igEMANN which we here consider may be stated 
as follows : 

A. If in the matrix 


yj? 


1) {2) u+1) 
the columns are corresponding bases of the families y, y, ---, y"*? respec- 
tively, the n + 1 determinants formed by striking out in succession each column 
in the above matrix are functions which have the same substitutions. These 
substitutions are merely multiplicative, the multiplier for any circuit in T. 


* Presented to the Society April 29, 1905. Received for publication October 20, 1905. 
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being the determinant of the substitution undergone by the columns of the 


matria. 
Bb. Every set of corresponding branches satisfies a linear 


relation 


+ ay? 4+---+4a, =0 (i=1,2, -+,n) 


whose coefficients are single-valued and analytic in T.. 


| In what follows we will suppose given a part, or all, of what appears in the 
conclusions above, deducing therefrom criteria that different families have the 


same group. 


$1. Theorems converse to A. 


We now proceed to invert the order of theorem A, obtaining thereby criteria 


in terms of certain determinants that two families of the nth order, y and z, 


have the same group. With the family y we associate »—1 other families 


which are known to have the same group as y, and which 


are analytic in the same region 7. Let z also be analytic in this region. 


We now form the matrix 


in which each column is a basis of its respective family, the last x being corre- 
sponding bases. By Z, V, ¥,---, ¥"~? we shall designate the determinants, 


taken with alternate positive and negative signs, formed by striking out in sue- 


cession the columns of (1). Our first theorem, then, is: 
If there is no set of branches (not identically zero) [,, 6, +++, &, of the 


Samily z, which, substituted for the first column of Y, causes the resulting 


determinant to vanish, then the families y and z will have the same group 


provided VY has the same group as Z. In this case corresponding bases are 


Surnished by the columns of (1). , 
To prove this theorem, continue }” and Z analytically about any cireuit C, 
denoting the final values of the functions concerned by dashes over the former 


symbols. We shall have 


with equations similar to (3) for the families y", y®, ---, 
by A the determinant of substitution (3) we have 


| 
1 
(1) 2 mY: 
2 yf 
k=n 
k=l 
(i=1, 2,---,); | 
k=n 
(3) DVB | 
k=1 J 
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Z=nZ, 


so that if Y’ and Z have the same group the equation 


(4) 


must be satisfied, where 
> (Bis — i=1,2,---, 2). 
If ~,. were not equal to #.. for all values of /: and 7 analytic continuation back- 
ki 1 ki J 
ward over C’ would change (4) into an equation 


(1) n—1) 


which is contrary to our first hypothesis. Hence for every circuit in 7’ substi- 
tutions (2) and (3) must be the same, as required by our theorem. 

Let us now discard the first condition of the previous theorem, but add the 
hypothesis that Z does not vanish identically. The reason for introducing this 
restriction will appear in what follows, but we may notice here that if Z = 0, 


the n families y, y'', ---, y"~" satisfy among themselves a relation given by 


theorem B.* Our next theorem is: 
If, for analytic continuation over every circuit in T,, 
undergo the same substitutions as Z, then either there exists a relation 


2, = Py; i 


between bases of the families z and y, where d/dx log p is single-valued in 
7; or else z has the same group as y, the columns of (1) being composed of 


corresponding bases. 
To establish this, continue analytically over any circuit C the n relations 


a a Fil (n—1) 7(n—1) __ ‘ 

+ yt py! —0 (i=1,2,---, 2). 
Using the same notation as before, we obtain from linear combinations of the 
resulting equations and the original set (5) the system 


*For if we associate with y, y,---, y— a family y™ having the same group, and by a 
suitable change of notation adapt the formule of theorems A and B to this case, we shall have 
-£Y™"—=Z. But the coeflicients of the equation of B are shown by RIEMANN to be proportional 
to the determinants Y, ¥™, ---, Y™, so that if Z—0, then a,=0. 


\ 
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since by hypothesis (A=1,2,---,n—1). 
If the substitutions (2) and (3) are always the same, the second conclusion of 
our theorem holds good ; it remains then to consider the case where (2) and (3) 


are not the same for at least one cireuit. In this event (z;, z,, ---, z 


%,) must 


be a basis, for otherwise a suitable linear combination of equations (6) would 


n 


give the relation 
cy, —AY]=0. 


But the branches 7, are linearly independent, being analytic continuations of 


a basis, so that }>¢,7, cannot vanish. The same is true of the expression 


¥ — XY, for in equations (6) Z, by hypothesis, does not vanish, nor can the 
determinant X, while the vanishing of all the branches z: is impossible since 
they are linear combinations, in which the coefficients are not all zero, of the 
basis (z,,2,,---,%,)- The equation above is therefore inadmissible. 

If we continue equations (6) backward over C’ the result can be written in 


the form 

(7) = py; (i=1,2,--+, 2). 
We can now show that p undergoes only multiplicative substitutions in 7" , i. e., 
that d/dx log p is single-valued. To prove this, let the independent variable 
deseribe any circuit in 7" ; p will take on a value f, and from (7) will result a 


system of equations 
k=n 


k=n 
=i k=1 
where the determinants of the two substitutions (y) and (8) cannot vanish. 
Combining (7) and (8) we have 
k=n 


De (PY: — = 9 


k=1 


The determinant of the coefficients of y,, y,, ---, y, in this system of equations 
must vanish, and since p = 0 we have thus an equation of degree n in p/p with 
constant coefficients. This equation cannot be illusory since two of its coeffici- 
ents are the determinants of (y) and (6), one of these being multiplied by 
(—1)". We therefore have p = xp, where « is some constant, so.that the sub- 
stitutions of p are in fact all multiplicative. 

With two families of the second order it becomes unnecessary to introduce a 
third. If the determinant 
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is multiplicative, its multipliers being the determinants of the substitutions on 
(Y,> Y.), then the consequences of our theorem follow. 


§ 2. Theorems converse to B. 


In deciding whether linear families which satisfy a relation of the type given 
in theorem B have the same group, the question of reducibility assumes such 
importance that a brief reference to that subject may be advisable. <A linear 
family of given order is said to be reducible when it includes all the members 
of a linear family of lower order. A family thus contained within another we 
shall refer to as a subfamily of the first. If a family of order » contains a 
member y, having only p <x — 1 analytic continuations which, with itself, are 
linearly independent, these p +1 branches form a basis of a subfamily (not 
necessarily irreducible) of order p+1. The branch y, cannot belong to any 
other subfamily of order as small as p+ 1. 

In the case of two linear families 7, z of order X, » respectively, when A > », 
it may be possible to choose a set of branches z,, z,, ---, 2,, none of whose mem- 
bers vanish, that has the same group of substitutions as a basis (¥,, Y5 +++. %,)*- 
It is easy to prove that the relation of theorem B holds good even when some of 
the families concerned are of order < n and the sets of branches y'", y}, ---, y,” 
are not all bases, provided these sets have the same group. Returning to our 
notation for the families y and z, we can now easily show that y must be reduci- 
ble, for, by theorem Z in its altered form, we have 


dy, 


where a,+0, and consequently the remaining coefficients cannot all vanish. But 
the branches z,, z,, ---, 2, are linearly dependent, since z is of order w <2; 
hence we can form a linear combination of the above relations so as to eliminate 
z. We shall then have a linear differential equation of order < X satisfied by 
a member of the family y; in such a case, by a well-known theorem, y must be 
reducible. 

Let I’ be a system of s linear families y, y®, ---, y analytic in 7’. 
These may be of different orders, and any of them may be reducible. Between 
certain branches y/)”, y'?, ---, y\’’ of these families we shall suppose there exists 
a relation 


(1) ay + ay,” == 0, 


where @,, @,, +--+, @, are single-valued and analytic in 7. Further, in order 
to avoid results which apply only to subfamilies, we shall suppose that none of 


the branches in (1) belongs to a subfamily. As a matter of notation we take 


* A simple illustration is furnished by the set of branches x, z and the basis (2+ V4,2x—J 4). 
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yas the family whose order, 7, is larger than, or at least equal to that of any 


other. 
We can now obtain » linearly independent branches by ana- 
lytic continuation of over »—1 suitably chosen paths C,, C,, 


Continuing equation (1) over these paths in succession we obtain the set 
(2 ay’ ay; (i 


Designate by 7; the result of continuing analytically the branch y"' about any 


eireuit Cin 7. Sinee is a basis we have 


where the coefficients ¢,, ¢,, ---, ¢, ave constants. Unless the sets of branches 


Ys Vhs ees (of which some may be bases and some not) have the same 


9-9 


group for all the values y= 1, 2, ---, 8, there must exist a cireuit C for which 
the equation 

holds only for certain values of vy. Then if we multiply equations (2) by suit- 


able constants and add to the equation 

(4) 49, =9 
we can obtain a relation 

(5) +a =9 


from which ¥' has been eliminated. Ilenee if there exists no relation (5) 
linearly indejn ndent of relations (2). the families of have corresponding 


sets of branches (1. ¢., sets having the same group) 


where yf), for each value of i and v, is an analytic continuation of y} 

The following theorem gives a condition that the families of have the same 
group: If there exists no relation of the same type as (1) betrveen less than s 
branches chosen each from a diffi el nt fumily of IL’, then the existence of rela- 
tion (1) is a sufficce nt condition that the Saumilies of I’ have the same group. 
In this case corresponding bases ave obtained by simul- 
taneously continuing the branches y! over n —1 suitably chosen circuits in 
7. The existence of a relation linearly independent of relations (2) may be 
easily proved incompatible with our hypothesis. Hence to complete the proof 
of this theorem we need only show that the corresponding sets of branches 
which must exist in accordance with the previous theorem are bases. But if 
this were not true we could obtain a linear combination of equations (2) so as to 
eliminate at least one family from the resulting relation, in contradiction to our 


hypothesis. 


(v=1,2,+++,8), 

| 
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Here we must have s = » + 1, since theorem 7 always gives a linear rela- 
tion between x + 1 families of order x that have the same group. — It ean easily 
be shown that if the conditions of this theorem are satisfied no family of T° can 
have a subfamily of order o < s — 1, for in such a case every family of IX must 
have a subfamily of order o and all these subfamilies must have the same 
group. But theorem B gives a linear relation between branches of a + 1 of 
these, which contradicts our hypothesis that no such relation exists between less 
than s branches. In particular, if s =” + 1, all the families of [ must be 
irreducible. 

If, therefore, x + 1 irreducible linear families of order x have no relation of 
type (1) between less than x + 1 branches chosen one from each of the families, 
the preceding results combined with theorem 7? show us that the existence of a 
relation (1) is a necessary and sufficient condition that these families have the 


between (1) and the differential equations of their respective families so as_ to 


sume group. Under these conditions we can eliminate ¥, 


obtain a system of differential equations in Tay Bes -**5 Bes The condition 


that the families have the same group is that these equations have a system of 
single-valued solutions. Such a system of equations is generally of degree — 2, 
but in case n — 1 of the families are the successive derivatives of a family 7° 
the system is linear. Its study by Heun has shed some light on the conditions 
which the parameters of two linear differential equations must satisfy in order 
that the equations may have the same group.* 

If, now, we set aside the conditions of the second theorem of this section, 
though still assuming the existence of a relation (1), an especially interesting 
case presents itself when all the families of [are irreducible. In this case the 
sets of branches 7", //!’, ---, y? cannot correspond unless they are all bases, 
otherwise, by the results of page 1038, 7") would be reducible. Ilence if the sets 
of branches y, are not corresponding bases for v= 1, 2, ---, s, 
we can not only obtain a relation (5) from which 7/'' has been eliminated, but 
we can also deduce a relation from which any given family appearing in (5) has 
been eliminated, but which involves every family of T° except 7”, /”, ---, y” 
(and may involve some of these also). This can be done by analytically con- 
tinuing (5) over n — 1 suitably chosen cireuits and combining the results with 
(1). We now apply the same reasoning to these two relations until we finally 
reach a set of relations from none of which further eliminations are possible. 
By the preceding theorem, the families involved in any one of these relations 
have the same group. Thus either all the families of I have the same group, 
or else we can group them into systems [’,, I’,,---, [°, whose members have the 
same group. Every family of IT will belong to at least one of these systems. 

‘Acta Mathematica, vol. 11 (1887), p. 97; vol. 12 (1888), p. 103. Mathematische 
Annalen, vol. 33 (1889), p. 161. 
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If «a family is common to two systems they must have the same group: by the 
use of this principle it is possible to separate [° into mutually exclusive systems 
in each of which all the families have the same group. 

In conclusion we illustrate these results by considering three linear families 
of the second order, ¥'", y*’, y*’, between branches of which there holds a rela- 
tion of form (1) 


(6) ay) + ayy? + 


If the branches in this equation all belong to subfamilies it is easily seen that 
these subfamilies must have the same group. If 7 does not belong to a sub- 


family of 7" we can obtain, by analytie continuation of (6), a relation 
(7) ay)? + + ay? =9. 


In case the pairs of branches '"’, ’’ do not have the same group for v = 1, 2, 3, 
we can deduce from (6), (7), and suitable analytic continuations of (6), a set of 
equations 


ays = 0, 
(8) + ay) =9, 


Ilence if the families y‘", y'* have no pairs of branches possessing the same 


group they are reducible and contain subfamilies which have the same group ; 


) 


similarly for y andy, 

If one of the three families is irreducible the same is true of the others. For 
let y'') be irreducible, and /*', if possible, be reducible. A suitable linear com- 
bination of equations (6) and (7) will then give an equation of form (6) in which 
y is a member of a subfamily of 7°’. If we use the notation of (6) for this 
relation we see, by the results of page 103, that »/', /!’, being linearly inde- 
pendent members of an irreducible family, cannot have the same group as 
ws ys’. But the first equation of (8) would then hold good, though an evident 
impossibility if is irreducible and reducible. 

From these results we deduce the conclusion that if one family represented in 
a relation (6) is irreducible the same must be true of the others, and the families 
must all have the same group. To obtain corresponding bases we continue 
analytically the branches in relations (8), if such exist ; otherwise those in rela- 
tion (6). 

NORTHWESTERN UNIVERSITY, 

October, 1905. 
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GENERAL MEAN VALUE AND REMAINDER THEOREMS 
WITH APPLICATIONS TO MECHANICAL 


DIFFERENTIATION AND QUADRATURE“? 


GEORGE DAVID BIRKHOFF 


Introduction. 


We consider a real function /(.°) where « is a real variable. It is assumed 
that f(a), (a), are continuous functions of on the interval 
(a, 8), viz., for 

x= 8B, 


and that /"(«) exists on (2,8). Let #,.---,, be points of (2, 8), 


which points need not all be distinct. Also let /,, 4,, ---, 4, be integers such 
that 


0=hk,=n-1 
The » + 1 pairs of numbers 


(1) 


are predicated distinct. Further, if ¢(.) be a given continuous function on 
(a, 8) and if $'(a) exists except at a finite number of points, we write 


* Presented to the Society February 27, 1904, under the title A general remainder theorem. 
Received for publication April 15, 1905, and November 2, 1905. 

} This paper develops and applies an important relation (6). I read a paper containing this 
relation and the principal theorems at the New York meeting of the Society in February, 1904. 
In a later version I added certain applications. 

The theorems initially involved the hypothesis of the continuity of the nth derivative. This 
unnecessary restriction was removed in the final revision of October, 1905, and the theory stated 
completely in terms of the differential calculus, the symbol S denoting the antiderivative D™ 
between limits. 

I am very grateful to Professor E. H. Moore for his valuable suggestions in connection with 
this paper. 
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= 
This paper is concerned with the connection of the n + 1 numbers 
(3) S"(2,) (i=0,1,---,n) 


and f"(a). It is clear that such a connection exists in certain simple cases, 


e. g., if 


(4) (k,, a), (9,45), 


it is 


(5) 


an important known formula.+ Here /"(.) is taken continuous. 
In the notation of this paper the general relation is 


i= 
Here A, B are the end points of the set of points #,. Further the A,’s are 
numbers and the A(.«) a function of « depending on the system of number pairs 
(1). If (6) is not to be trivial, a certain restriction must be imposed on the 
integers 

As far as I am aware, the principal case of the relation (6) heretofore pub- 
lished is that given by (4)}. The general formula (6) is important in that it 
gives rise to a new mean value theorem, and to a new remainder theorem, having 
applications in the fields of mechanical differentiation and mechanical quadrature. 

In § 1 is developed the fundamental formula (6) and in § 2 are given certain 


important properties of A(.). 


‘If o'( 2) is continuous we have 
S[o'(r)] fol 
It is to be noted that 


exists if S[o (x)], S[o2(2)] exist and ©; (2) is continuous ; indeed 
=o (2)-02(@)— (2) de. 


We write s for S|, -§—S|,.,- Then (2) ] isa definite number. In this paper S is used 
always in connection with a ¢ explicitly given. 

t Cf. C. JORDAN, Cours d’analyse, vol. 1, p. 245. 

t HERMITE gives a more general case than (4), where, however, instead of a single real 
integral, he has a multiple real integral : Sur /a formule d’ interpolation de Lagrange, Crelle’s 
Journal, vol. 84 (1877). 
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In § 3 is considered the mean value theorem. Here we write 
A,=0 
(4) 
A, +0 


properly arranging the A,’s, and assume 


(8) =0 


The mean value theorem then states that there exist points —,, &, within( A, B) 


such that 
(9) S'(€,) =9 (OSF=1), 


the # being a certain number, the characteristic number, of the system of pairs 
(1). The ordinary mean value theorem is the simplest example. Of especial 
interest are the extreme cases / = 0 and # =1. 

If = 0 we have 


(10) =0. 
,, «,) of this sort [as for instance (4)], (9) ean be proved 


by an application of the ordinary mean value theorem to 
in suecession. In general this method of proof fails. A table of the various 


For certain systems (x, 


new cases /’ = 0 for xn = 3 is given. 

If # = 1 the equation (9) is trivial for &, = &,, but in this event it is shown 
that we have 
(11) SI°**(§,) — = (O=E,<1), 
in case f"(a), are continuous and f"**(.) exists on 
(1, B). Here A, /, are dependent on the system of pairs (/;,, #,) and &,, &, 
are again points within (A, 2). Furthermore in this section a generalization 
of BoNNET’s extended mean value theorem is given. 

In § 4 is given the remainder theorem 


n. 


in the principal form; /’(.) is the polynomial in a of degree n — 1 at most, 


such that 

and Z(a) is a polynomial of degree n with leading coefficient 1 such that 

(14) Z"i(x,) =0 


The theorem (12) is a restatement of (6) after S7[ "(a )-A(a)] has been re- 
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placed by a mean value. The result Markorr* employs is a particular case of 
(12). 

Further a more general form for the remainder term is derived which contains, 
for the system of type (4), ScuLimiicn’s} general form of the remainder in 


TayYLor’s development. 

For the case k, = 0, F’'(2,) can be considered an interpolation formula for 
f(x,): the theorem gives a method of determining limits for the error 
=1,2,---,2—1, is an interpolation formula 
for f**(x,), and (12) furnishes a method of computing the error as before. 

In § 5 the character of the remainder is considered in some detail for the case 
of mechanical differentiation with equal intervals, and the formule of ENcKEt 
are supplemented in this way. 

There is derived in $6 as a direct case of (12) the remainder theorem for 
mechanical quadrature 


*pl 


p2 


where /’(«) and Z(2) are defined as before and / is the characteristic number 
of the system 


(0, (9, p,)3 (4, +1, 


An obvious generalization obtains for successive quadrature. For practical 
purposes the writer determined / for the case of equal intervals xn = 2,3,---,11, 
in which cases CoTES computed certain numbers of importance.|| MARKOFF’s 
remainder theorem § for the system of Gauss is one other case of (15) that has 
been treated. { 


$1. Derivation of the fundamental formula. 


The function 


n—1 (2, 


where 


(2) l=n—k,—1, 


* MARKOFF: Differenzenrechnung, chap. 1 (German translation). This remainder theorem 
contains as special cases the remainder theorem of LAGRANGE for TAYLOR’s development and 
the remainder theorem of CAucHy for LAGRANGE’s interpolation formula. 

t SCHLOMILCH: Liouville’s Journal, ser. 2, vol. 3 (1858), p. 384. 

tEncke: Uber mechanische Quadratur, Gesammelte Abhandlungen, vol. 1. 

4 MARKOFF, loc. cit., p. 61. 

|| MARKOFF, loc. cit., chap. 5. 

“ For general related references cf. Encyklopwdie der mathematischen Wissenschaften, IE, ID 3; 
IIA 2, 247, 11, 13, 51, 52, 54. 
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is continuous * and 


(3) (x) =f"(@): 1! 


on(A, B). Moreover, 


(4) ( =f" (2; ). 
By definition, therefore, 


Expanding and writing « = A we find 


n—l 
(6) 


where 


The x + 1 equations (6) are linear in the n quantities 
f(A), f(A), f(A). 


Therefore the determinant + 


(1) | f%(%)— 82 *- 


We denote the cofactor of the element 
*n ( x; 
— SAU Sf" 


of this determinant by A,. The equation (7) is then written 


i=0 


If the discontinuous function ¢,(2 ) be defined as follows : 
(9) 
* If 1; —p is negative we write 1/(/;—p)!=—0,e. g., 


p=0 


In general the last k; terms of (1), i. e., those containing f(x), f’ (a), +--+, f*i-1(2) are zero. 
t The notation is 
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it is clear that 


= 1! 
this new S function is the continuous function d, (a) where 


From (8), therefore, 


and more simply 
(10) A, = 


where the new S function is }°"_,,(«), so that 


(11) A(x) = -A.. 


Here A(.)} and its derivatives are regarded as not defined at «,, «,, 


It 
is evident that A(a) is made up of polynomial parts of degree at most 
n—1. 


From (11) we have 


But the function of y, 


9 


(x, — a)! 


(2,—y)" 


i! (7,—1)! (7, —n+1)! 
is independent of ¥, the derivative in ¥ of the first and last column being zero, 
and of each other column the succeeding oné. Hence 

(12) A(x)= €,(#)- 


-n+1 
a 


Let D denote the number of pairs of the system (/;,, x,) for which 


For example, in the system 


(9,9), (0,3), (0,4), (1,1), (1,8), (2,3) 
we have 


3; D,=2; D,=1; D,=9; D,= 0. 
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We assume that 


(13) LD, =m+2 (m=0,1,---,m—1). 
Then no one of the quantities A, vanishes identically in x,, #,, ---, 7, as we 
prove for A). 

In A, appear the » pairs 
(14) (&,, 2;) 


We assume these pairs (14) so ordered that 


But for this system from (13) 


m 


~D,=m+i, 


g=0 
and therefore 


or 
p,=9, 
and we find 


If 
({=0,1,---,2), 


the relation (10) is a trivial identity, although in all cases there exists at least 
one relation of the type of (10). We assume that not all the As are zero. If 
this condition and (13) obtain, the system (/:,, #,) is a normal system. 

EXISTENCE THEOREM. Jf the derivative function p(x), defined on( A, B), 
and the constants 9,, 9,, +++, 9, satisfy the relation 


(15) S8[$(a)-A(a)] 


.. @,), then there exists precisely one 


with respect to a given normal system (k 
Junction f(x) such that 


(%;) 


* Indeed we find on obtaining 4, from (12) that 

n—1 n—2 

| 
(n—1)! (n—2)! 


(m—2)! (n—3)! 


zr 


Trans. Am. Math. Soc. 8 
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Corotiary. Jf A, +0 for a given normal system, then there exists pre- 
cisely one function f(x) such that 


9; 
J"(#) 


being a given derivative function on (A, B) and g,, 9.5 9, being n 
urbitrary numbers. 
Proof. The argument is simple. First we note that the numbers 


are well defined. Write in the equations (6) g, for f"\(«,) and $(x) for f"(a). 
Then the numbers /(.4), A), ---,,"~'( A) are given uniquely, the determi- 
nant of the system vanishing because of (15), while A, + 0. If we determine 
J (2) so that /(.) and its derivatives have these values at A while 


(x) 


J (a) is the required function. 
For the corollary we choose y, so that (15) obtains, noting that A, + 0. 


§ 2. The function A(x). 

As of use in the determination of the constants / of the mean value and 
remainder theorems, we give here a theorem concerning the number of changes 
of sign of A(w) on (A, B). The proof is given in $7. We first make some 
definitions. 

A set of pairs of the system (4:,, 2, ) 


(1) (x, £), («+1,&), (e +m, &) 


are said to form a sequence ; if this is a separate sequence of the system, that is, 
if (« —1,&),(«+u4+1, &) are not pairs of the system, then («, &) is the first 
member of the sequence and (« + uw, &) is the Just. It is clear that the system 


(k&,, #,) ean be grouped into separate sequences, some perhaps, containing but 


one pair. For the same sequence the .,s are the same. In the example of the 


first section, the sequences are 
(9,9); (1,2); (0,38), (1,3), (2,3); (0,4). 


In the adjoined scheme of the system an entry « +1 in the «th 
row and the & column signifies that in the system there is a 


sequence (1). 
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The interval ( A,,, B,,) is defined as the interval whose end points are the end 
points of the set of points 


i 


All these intervals are well defined since D, = 2. In the above example 
(A,, B,)=(9,3); (A,, B,)=(A,, B,)=(A,, B,)=(A,, B,)=(9, 4). 


It is evident that (A, ,, B,_,) is the same as(A, #). A sequence of pairs 
with first member («, &) is said to be conservative if the point & is at A, _,, 
B._, or without (A,_,, B,_,); also if «=0. In our example (1, 2) is the 
single non-conservative sequence, = 2 being within (A,, B,) = (0,3). 

A sequence is odd or even according as it contains an odd or even number of 
pairs (&,,@,). If there are no non-conservative odd sequences of pairs the 
system (/:,, «,) is a conservative system. 

THeorEeM. Zhe number of changes of sign of A(x) cannot exceed the num- 
ber of non-conservative odd sequences of pairs. 

Corotiary 1. For a conservative system A(x) does not change sign. 

Corotuary 2. The number of changes of sign of A(x) in no case exceeds 
n—1. 

§ 3. Mean value theorem. 
Let us arrange the A.’s of the normal system (4,, «,) so that 
A, = 0 (i=0,1,---,r—1), 
(1) 
A, +0 Fa 1, 


in general r = 0, i.e., none of the A’’s vanish. For the mean value theorem 
we assume that 

"hil op 

2) J ‘(v,) = 0 (t=r,r+1,---, 2%). 
It is clear that then 


(3) > = 0. 


i=v0 


We first obtain a mean value for S#[f"(a)-A(a)] that obtains whether or 
not (2) is assumed, and that is important for the remainder theorem. To this 
end we need the lemma: Jf ¢( 2) — ¢( A) = 9 and further 


$'(w) =h(«)-s(x), 


where s(a) is a function of one sign on (A, B) or zero defined except at a 
Jinite set of points, and h(x) is defined within (A, B), and S[h(x)] exists, 
then h( &) = 0 where & is some point within (A, B). Proof: It is clear that 
the product h(x)-s(x) changes sign within (4, 2), and since in general 


s(#) is defined and nowhere changes sign, A(#) must change sign within 
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(A,B). Hence S[A(x)] has a maximum within (A, B) say at &. But 
h(x) exists at €. Hence A(&)=0. 

Let G(a) denote some function defined and of one sign (not zero) within 
(A, B). Also we assume that S[G(«) - A(#)] exists on (A, B).* Deter- 
mine 7, and /, so that 


x | 


By the lemma then, since } { A(a) + |A(«)|} does not change sign, 
G(§,)=9, 
(€,) — H,: &(€,) =9, 


E., £,, being points within(A,B). Adding (4) and (5) after substituting in 
the values of //,, 7, thus obtained we find 


( E, 


where 


A(x) + |A(x A(x) 
The relation (6) is obvious if f"(a) and G(a#) are continuous. We define 
E, the characteristic number of the system with respect to G(x), — P/N or 


1 or —.V/P, according as | P| <| or| P| =| or | P| so that 


(8) 0=F=1. 


It is clear that P and LV are not both zero because A(2:) is not altogether zero. 
For this section G'(«) = 1 and we write 


BA(y | B 
A JA 


here we call the characteristic number #. From (3) using our fundamental 
formula we find 


=0, 


*If S[@(x)-A(x)] exists, so does S[G(x)-|4(x)|], since the product function 
G(«2)-4(2) changes sign but a finite number of times. 
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and then, using (6) for G(x)=1, 
N=0. 
— 


the &,, &, being the same as before or interchanged. 
MEAN VALUE THEOREM. Jf (k;,, x,) is a normal system and if 


Hence 


= 0 (i=r,r+1,---,n), 
then is 
where E is the characteristic number of the given system with respect to1. 
A simple example is given here: 
n=2; x; ) = (0, (1, (0, 2%, ) (ty < % < 
so that x, = A, x, = B and 
%, 1 
A(x)= ¢,(x)-1, 
2), %,, 1 
whence 


(2, 3 2, ) N=— (4 — 


x, 
The theorem states then that, in the case x, — 2, = 2, —a# 


e—2,\? 
If «,— 2, =2,—~,, so that the statement is trivial for & = &,, we can infer 


1 1 
by a method given later that 
S*(E) = 0. 
Of especial interest are the extreme cases # = 0 and H=1. 
In the case H = 0 the system (k,, x,) isa simple system. The condition 
that a given normal system be simple is that A(a) does not change sign. If a 
system is simple and if furthermore 


then 

(11) S*(€)=0 

for some point £ within (A, B). The theorem of § 2 makes it clear that con- 
servative systems are a special class of simple systems. The ordinary mean 
value theorem furnishes a method of proving (11) for conservative systems. 


2 r 2 
io? 
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Example : x, (a <a, 


First we infer 
= 0 
and then 
=9. 

No attempt at a general consideration of simple systems is here made. The 
theorem of § 2 is important for this problem. A table of the various simple 
non-conservative systems for n = 3 is given herewith. In this table we choose 
A=-—1, B=+1 s0 that the four pairs are 

(4,5 —1 )s (h,, + 1), 


where 


v,=+1. 


1? 
Moreover we choose /, = k,; I-VII are the various non-conservative systems. 


E=0 


; cons. if x, = x, 


-; cons. if x, > a, 


0 
0 


VII 0 1 2 


An important case of the mean value theorem arises if r has been made a 
maximum. An example of this is the system on which Markorr* makes 
depend his remainder theorem for Gauss’ scheme of quadrature.t This system 
is 


(0,2,), (1, (2,4,), (1, 4), (1, (2, a), (9, 2,), 


which is conservative. Heren=2m+1. The 
quantities a,, 2,,---, are the m roots of the 


n 
equation 
m 


— } = 0. 


It can be proved then that 


* MARKOFF, loc. cit., chap. 5. 
t Gauss, Methodus nova integralium valores per approximationem inveniendi, Werke, vol. 3. 


(@,) =/(#,) =9. 
kh 
Io 0 1 0 = 1 
IT 0 0 0 
III 0 0 2 1 
Vie 1 3 | 
| Vi 0 2 | o, 
VI o 1 1 21 
ioe = 4 
0 1 1 
1 22 ... 2 
2 
| 
A, = 0; k, = 2, 
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m of the 2m + 2 A’s thus vanishing. Hence in this case, if 


I (%) = a, ) =f (a,)=-- = f(2,)= 0, 
of necessity 
=0 


for some point & within 
If E =1, the mean value theorem is 


=9, 


which is trivial for & = &,. In this case the fact is that f"(2) need not vary 
at all, although the conditions (2) obtain: that is, there exists a polynomial 
P(x) of degree n such that 
P*(x,) =0 

for then 

Pi (x,)= 

i=0 
is satisfied (P + NV =0), and accordingly there is a P(x) by the existence 
theorem. The condition “ = 0 or 


("a(x)de =0 


ean be written 


lotl 


1 n 
isin 


Let us assume that f"(x), f"*'(x), ete., are continuous. Integrating 
f"(«)-A(x)] by parts we obtain 


which holds since 


(12) 


A-'(2) -{ A(x)dx 
is continuous. But A~'(A)=0 and A~'(B)=0. Hence 
SEL = — SEL 


f a\(x)de=0, 


it is proved in a similar way that 


SEL =— = SEL 


where 


[f 


A(x) = f 


119 
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If it is possible to proceed X steps in this way we obtain 


(18) SRL =(—1P SEL ], 


where 


= [ 


here f"(a), f"*'(a), are continuous and exists on 
(A, B). Assuming (2) to hold we see that 


= 0, 
whence 


(14) — Ey = 0 


where depends on A~*(2) just as does on A(x). 
Of course, here 


0=£2,<1. 
The A + 1 conditions 


B B 


can at once be written as the vanishing of + 1 determinants like (12). 
We proceed to formulate the extended form of the Bonnet’s theorem. 
Consider the determinant function 


P(x) =|,(~), $3'(2,)s 


dependent on n + 2 functions ¢ whose nth derivatives exist on (A,B). This 
function ®( 2) satisfies the conditions 


= 0 ({=6, 1, 8), 
and therefore, since "(a ) exists on (A, B), 


where / is the characteristic number of the given normal system, or, in determi- 


nant form, 
the extended form of the BONNET’s theorem. This theorem states that 


$, $,(*,), $,,42(%, )| = 0.* 


* PEANO: Lezioni di analisi infinitesimale, vol. 1, p. 107. 


q 
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§4. The remainder theorem. 
In this section it is assumed that 
(1) = 9, 
where g,. 9,5 °-+, g, are known and also that 
A, + 0. 
The fundamental formula (10) of § 1 is written then 


A. 


i=1 0 


Let #’'(x) be the polynomial in x of degree n — 1 or less such that 
(4) 49; (i 1, 


there being a polynomial of this sort by the corollary to the existence theorem. 


If (3) be applied to this polynomial we find 


= A. 
(5) 


i=0 


whence from (3) 


SE (x) 
(6) = + HAC) 


the remainder theorem with exact remainder term. 
As an example we consider the system 
; 


where »+v+1=n. This system is conservative. Furthermore A(x) and 
its derivatives are continuous within (a, 8) and in fact on this interval 


A(x)=c-P(2x) 


where P(x) is a polynomial in x of degree n —1 with leading coefficient 1 
such that 


P*(a)=0 (k+n—k;—1), 
P,(8)=9 —1). 


In this system both (0, a2),(0, 8) must occur. We write the theorem for 
%)=(9, 8), 


B 
Pw) de 
a 


0 


f(B) = F(B) 


121 
2, 
a 
| 
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If k’ =i, k’ =i we have more explicitly 


B 
By 
= * 


nN. 


We proceed to the derivation of the general remainder theorem. 

If we write G(a)=g"() in the mean value relation (6) of last section so 
that g"(a) exists and is of one sign within (A, B), while S[g"(x)-A(2)] 
exists on (A, B), we find 


If the pairs with greatest /, for x, = A and x, = B are respectively 


(K,, A), (4,, B), 
then A(2) is of the form 


(w@— — P, (a) 


near these points, where and P,(«) are polynomials ;+ A, A, are said 
to be the exponents of the system (/,,2,). Hence g"(x) is defined within 
(A, B), of one sign, and S[g"(2)A(a)] exists on (A, B), if 


A(x) 


(8) g" (x ) = (x A ( B 


where A(a) and S[A(x)] exist on (A, B), and A(2) is of one sign but not 
zero within (A, B). We assume then that g"(2) is of this character (8). 

If g'(x) be defined at A and # and thus is finite, then by the corollary to 
the existence theorem, g(x) exists such that 


(9) g(#,) =9 f= =, 
and further by (6) 


(10) = 


S[g(x)-A(x)] 


If, however, g"(a) has the more general form (8) there still exists a unique 
g(x) which satisfies (9); for this g(a), (10) is also satisfied. 


* Cf. HERMITE’s article: Sur la formule d’interpolation de Lagrange, Crelle’s Journal, vol. 
84 (1877). 
+ Near B, 4( 2) is identical with 
i! 


which is obviously of the stated form [see (11) §1]. A similar remark applies nearz — A 
when one notes that 


2x)! i 
A; =0. 


| 
! 
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In order to prove these two statements we write 


l 


1 


where 7 («x ) satisfies the conditions 
(x) 
% being within( A, B). Here 
(¢=0,1,---,n) 


are finite at x,; (a) within (A, B) of course; (b) at A because 7*'(2) is con- 
tinuous at «= A; (c) at B fora similar reason. Then it is clear that g(x) 
satisfies the required conditions (9). Moreover if e(2) also satisfies these con- 
ditions then d(x) = g(x) — e() has the properties 


d"(x)=0:d"(x,) =0 (i="1, 2, +++, m). 


But if d(a) = 0, these conditions are satisfied. Hence by the existence the- 
orem d(2) = 0 so that g(a) is indeed given above. 
Consider further the function g,(«) such that 


gi (x) = 9"(@) (Alt 


and that g* (2) is zero otherwise, and such that 


ple 
d 


1 -_ n 


where 7, is defined with respect to g, as 7 was with respect tog. Applying (6) 
we find 


As approaches zero approach and S4[g'(a)-A(a)] approaches 
S4iCg"(x):A(x)]. In the limit then 


¥ S! [g"(x) ) 
= 
which we wished to prove. 


From (10) then, if P + N+0, 


g"(%) 


11 
(11) 4, P+ MN 


| 123 
1); 
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On substituting from (7) and (11) in (6), (6) becomes 


"ko (oe, ) 
J (x, ) ( 1—Zz 


where &,, &, are the same as before or interchanged. 

GENERAL REMAINDER THEOREM. Let (k,,«,) be a normal system for which 
A, + 0 and let f(a) be a function such that f(x), f' (x), (a) are 
continuous and f"(x) exists on (A, B). ‘urther let g(x) be a function 
such that g(x), g'(#), «++, are continuous on (A, B), 

= 9 
and 
A(x) 


K,, A, being the exponents of the system, (x) and S[X(ax)] existing on 
(A, B), A(x) being of one sign (not zero) within( A, B). Then 


SE) 


12) (a, ) = F(a 
(2,) + 


where —,, &, are points within (A, B), and F(x) is the polynomial of degree 
n — 1 at most such that 
and E is the characteristic number of the system with respect to g"(x).* 
A convenient form for computation is 


f*(&) 


13 = + 0 


where | @|=1. 
In the special case # = 0, when A(.) does not change sign, (12) is 


(2%) 


(14) ( = +° 
For the conservative Taylor system 


* For definition of normal system, cf. p. 113, of exponents, cf. p. 132, characteristic number, cf. p. 
116, 


= 
q 
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the exponents are 0 and n — 1 so that 
(2— 


= 


The theorem is then 


(%, = (Hon) +7 + +S (a, ) (n—1)! + 


and in this form can be at once identified with the ScHLOMILCH general remain- 


der theorem * in TayLor’s development 


F( 


In fact we have 


and, therefore, 
= (x) (% — = Sap = F(#,) 


as the required a The conditions imposed are the same as 
ScHLOMILCH’s: = S[A(a#)] is continuous, = A(x) exists on 
(A, B) and is of one sign (not zero) within (2,, 7,). 

The most important case of (12) is obtained by setting g"(«)=1 so that 
E=E. If we denote by Z(a) the polynomial in » of degree x with leading 


coefficient 1 such that 
Z*(x,) = 0 (i=1, 2,---,m), 


then 


Therefore, 

(15) = + i-F 
which is the principal form of the remainder theorem. 

Example. HeErMIre’sf remainder theorem. 


(x)= F(a )+7"(€)- 


n. 


The system is conservative for all values of x. 


*ScHLOMILCH, Liouville’s Journal, ser. 2, vol. 3 (1858), p. 384. 
+ Sur la formule d’interpolation de Lagrange, Crelle’s Journal, vol. 84 (1878). 


125 
a 
F(«,)]. 
F’ (x) 
Z (x) 
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Case 1. TayLor’s development with LaGRANGE’s remainder term, 


TAYLOR’s series is obtained by increasing n in this system. 
Case 2. LAGRANGE’s interpolation formula with remainder term of Caucny. 


Example. (0,2), (8, %,), 


Here the system is conservative if 


are in order. We assume 


Then we have 


(n—1)! 


from which a well known development of ABEL’s* arises. 
Example. (0,2), (0,a,),(1,%,), (2, or (n—1,2,). 


This system is conservative if 2 is on (#,,7,). Here choosing 2, 
we have 


F(x) +f" (0)- 
If 


when our theorem does not hold, we apply the simplification of (8), § 3, 
under the assumptions there stated. From the exact remainder theorem (6) then, 


A 


v0 


(16) = + 


* ABEL ; Sur les fonctions génératrices et leur délerminantes, Oeuvres, vol. 2, p. 67. 


Oin 1 
i 
2, + (x, (i=1, 2, --+,m). 
X, (a — x, 
(2 
+ f"(&)- 
$a 
es 
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Let Z,(x) be a polynomial of degree x + % with leading coefficient 1 such that 
Z(x,) = 9 (i=1,2,---,n), 


(n+)! 


(x) = rn! 


where 


= + a, + + + a, 
a,, 4,, +++, a being arbitrary. Applying (16) to this polynomial we find 
B 
(n AA(a) de 
Z(2,) = 


) 
so that ' 


(17) 
Also as in (6) § 2, 


Substituting these values in (16) we get 


A P.+N, 


n-+xr!° 


By the aid of this reduction we obtain a remainder theorem in the excep- 
tional cases. 


It remains to consider the case 
A,=0. 


If A, = 0 then /”(,) is arbitrary although /(2) be subjected to the conditions 
(20) = $(#), 
(@) = (i=1,2,---,m), 


For, if A, = 0, by the existence theorem there exists a polynomial J/(2) such 
that 
M"»( 2, ) = 1 M*i(x,) = 0 


of degree less than n, i. e., J/"( =. 
Then 


=f (@) + t. M(x) 


satisfies the required conditions (20) while f**(a,) has the arbitrary value 
+t. 
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$5. Mechanical differentiation. 


The preceding section admits of direct application to mechanical differentia- 
tion as stated in the introduction. For this case k, > 0. 

We give here the application to the case of mechanical differentiation of the 
first order when the values of the function are given at n points. The system is 


(1,2), (0,2), (0, (0, 2,) 
where 


an 


This includes the important case of equidistant points. 


In the notation of § 4 


II (a) 
(a) i) (x — 


where 


whence F’’(#) can be at once computed. The formula (15) of § 4 is here 


(1) S'(%) = 2, ) + 


n! 

It is clear that = 0 if lies without the interval a, ) and also if 
(i 1, 2,---,#), 

since in these cases the system is conservative. Moreover from the theorem con- 
cerning the changes of sign of A(«) we infer that A(2) changes sign at most 
once. If is within the necessary and sufficient condition that A(a) 
changes sign is 
(2) (—1)'A, -A <9. 
and x, from (11) $1, is 


For, near x, 


— 


(x, — 2) 


(n—1 )! 
, within (a,, #,).* If then (—1)"A, and A, are of opposite sign A(x) 


* This is clear near z,. Near 2, 


128 
0 1, 1,---,1 
| 
-A 
and 
= (2) ii! (mn —-1)! 
whence the statement since 
= 0. 
li 
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changes sign; if (—1)"A, and A. are of the same sign A( 2) does not change 
sign. For if it did it would either change sign an even number of times or be 
discontinuous. Applying the fundamental formula (10) of $1 to the pair of 


functions 
F, ( x, )( 


F (2) (2 — )( — 


we have : 


F (x,)-A,+ F'(#,).4,=9, 


whence 
F'' 

A.A 


But 


so that the condition (2) becomes 


> 9. 
The equation 
F.(#,) 
has precisely 2n — 4 roots, one in each of the intervals (.°,, #,), (#,_,, #,) and 
two in each of the remaining intervals (.,, 7,,,). Moreover these 2n — 4 
roots are distinct, for if = 0 and (av) =0 had a common root at YX, 
then 


T(x) =F. (X)-F(#)— F(X): F(x) 


would be a polynomial not identically zero of degree less than ” with » roots since 


T'(x,) = T T ( 0; 


If the roots of F’|(#,)-£’; (#,) = 0, in order, are 


1° 
we have 

<6, <2, < 

Since 7 = 0 for 


A(.) does not change sign on the intervals 


where then 0. Moreover for the »—1 roots of II’(a)=0, we have 

FE’ = 1 from the condition (12) of $3. At these points we can use the remain- 

der theorem of (19) $4. At points a, where # + 0 or 1, to compute / one 

must determine the position of the root of A(w)=0. These same methods 

can be extended. Encke* has given difference formule for obtaining /’’(.”) in 
Encke: Uber mechanische Quadratur, Gesammelte Abhandlungen, vol. 1, p. 21. 


Trans. Am. Math. Soc. 9 


), 
(2 — 1)s 4 
A,=0, 
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the case of equal intervals. The method here indicated gives rigorously the 
character of the remainder. 


$6. Mechanical quadrature. 
Consider a normal system ( k., %,) of the type 
(1) (9, p,), (9, p,)3 (4, +1, (i=1,2,---,n), 


where the A, corresponding to (0, p,) does not vanish. Then the A, of the 
system 
does not vanish for here 
A,=(—1)"-A,. 
Write now 


(2 j= | ( 
Pe 
then F(x) satisfies the conditions 
F( P») P. ) =0 j= ( ) 
whence it appears that 
F(2)= | F(x)dz, 
where /’(x), as before, is the polynomial of degree n — 1 at most such that 
= f"(2,) (i=1, 2, ---, 2). 
Similarly 
Z(w)=(n+1)- 
where Z(2) is defined asin § 4. Thus we obtain, by substituting these values in 
Z(p,) 


= + 1_E (n +1)!” 


pl 
7 Z lx 
"(E)—E-f"(&) 
nt 


da = (a) dz + 
pe p2 


the remainder theorem for mechanical quadrature. Here £ is the character- 
istic number of the system (1) with respect to 1. If H=1 we can obtain 
another expression as in (19) § 4. 

Of especial practical importance in single quadrature is the system 


(0, #,), (1, 2,), (1, %)s (1, (0.2,), 


where 


that 
| 
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Cores * determined the members /7' for n = 2, 3, ---, 11 where 


i=l 


n 


for practical use in mechanical quadrature. On actually constructing A(2) 
with the aid of these numbers for n = 2,3, ---, 11 I found that for n = 2, 
4,6,8,10, #=0 so that the remainder is 


and that if n=3,5,7,9,11, H=1, £,=09 so that using (19) §4 we 
could write the remainder 


n! 
Another system of interest is GAuss’s system. For this system 


where a,, @,, ---, are roots of 


{(w~—c)"(a—d)"} =0; 


d. 


the formula is 


) dic a, ) + ( a, ) + + Cn S( ) 


(d—c)"*! 1-2-3..-m t 
2m +1 | m +1:m+2.-.-2m 2Qm! 


§7. Proof of the theorem of § 2. 


We first consider the discontinuities of A(«#) and of its derivatives. The 
kth derivative of any term of A(2:) in the expression (11) of $1 is 


— 27 


(Z,—k)! A, (i>k), 
0 (i<k). 


In the first and last case, this derivative has nowhere a discontinuity ; in the 
second case there is a discontinuity at a, providing A, + 0. 


*CoTEs, Harmonia mensurarum ; MARKOFF, loc. cit., pp. 60, 61. 
Tt MARKOFF, loc. cit., p. 68. 
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Accordingly A‘ (a), A**'(a), ---, A"-'() have their discontinuities at the 


points 


0,1,---,n—k,—1 (A: +0); 
these points lie on the interval (A;, 2;)* where we write in general 
k=on—k—1. 


It is to be noted that A(a) vanishes everywhere without (4, B). Hence 
A*(w) vanishes everywhere without (A;, B;), A*(.) being of polynomial form 
and neither itself or its derivatives having discontinuities without (A;, B;). 
Also A‘ (.x) does not vanish just within (A;, B;), if none of the A,’s are zero. 

We first make our proof for a special case assuming 

(a) none of the A,’s are zero, 

(8)A*(2) has no zero stretch within (4A;, B;) fork} =0,1,---,n—1. 

It is to be noted that A(.r) and its derivatives are not defined at #,, a,, --- 
Further, A’(.°) is said to be continuous at a point if the same value is 
approached on opposite sides of the point. On account of (8), A’ (a) changes 
sign at points but not along stretches. Let Z, denote the number of changes 
of sign of A‘(.) continuous or discontinuous according as A‘ is continuous 
or discontinuous at the point. 

The following table gives a classification of the discontinuities of A‘(#) at a 
point according simultaneously to the position of the discontinuities and to the 
change or permanence of sign at a discontinuity, with a notation for the number 
of discontinuities of each class. 

Position 


Number 
A, 


of points of discontinuity 


of A’ (a) 


Permanence of A‘ (. ) 

Change of A’(.) with 
permanence of A’ 


(4) change of A 
For detinition of ( A,, By), see % 2. 


+t Here ( A,, B, ) is not defined and we write 


” 


Pus P,-1 =9, 


and because \"—'( x) is constant except at discontinuities 
Zy, 1 Ch 
Also E,—; = 2, there being a discontinuity at either end. ; 
t The zero entries are due to the fact \* (x ) is zero without ( Ax, By) and A’—' (x) zero with- 


out ( Agyi, Beri). 


or or 
C, P, 
(0: 
Ot Ot 
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We ean now proceed. First the number of continuous changes of sign of 
I 
A‘ (x) is 
>” 
Z,—(C,+ 
the sum C’ + P’ + P” being the number of discontinuous changes of sign. 
k k k 
Also the function A*( tends to zero at 2 — EF, points A;, B;. 
Between any adjacent two of these 
, >’ ) 
(1) {Z,—(C,+ P,+P))} + {2-£,} 
points there is either 
I) a change of sign of A‘*', A’( 2) not changing sign, or 
Il) a change of sign of A‘(a), A’*'() not changing sign. 
That one or the other of these changes does occur is evident from the fact 
that the product function A’ (a): A**!(a) changes sign between two such zero 
I g 
values. The total number of changes of sign of A‘*'(x) is Z,,.,.. The num- 
ber of these changes at which also changes sign is P”, for if A’ (x 
5 
changes sign at such a point it must do so discontinuously. Hence Z,,,— P 7 is 
the number of changes I. 
Moreover since A“(2:) does not change sign continuously at the intermediate 
> 
points, P; is the number of changes II. 
There are 
9 >’ \ ) 9 7 
(2) {Z,-—(C,+P,+P,)} +{2-4,}-1 
pairs of adjacent points ;* hence 
P,+ 
or more simply 
(3) Z 
Therefore since also 
(4) 
(5) 
(6) 
we have adding (38), (4), (5) and (6) 
n—1 n—1 n—l 


2> £,-—(n+1)= Z,. 


k=0 k=0 k=0 


+2P.4-C,+£, -1 


k+1 


Or if we write in general 


we have 


Z,=2P' + C'+E—(n+1). 


* If there are no pairs of points this sum is 0 or —1. 


n—1 

k=0 
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But since the enumeration of discontinuities is complete and no A,’s are zero 


Hence 


(7 Z,=P'-(C+P+P"), 
) 0 


an inequality affording a method for determining a superior limit to the number 


of changes of sign of A(«). 
Now consider the discontinuities of A(a), A’(x), ---, A"~'(a) all of which 
ean be grouped into separate sequences of discontinuities as of 


A* (a), A** 
at &, corresponding to which we have the inverted separate sequence of pairs 


(hk, (A—1, &), ++, (0, &). 


Here A‘ (x) at & is the first discontinuity of the sequence and A’(x) at & is 
the /ast discontinuity. In such a sequence a discontinuity of type P) cannot 
be directly succeeded by one of type or For if A‘(a) has a 
P;, discontinuity at &, A’*'(a) does not change sign at &, excluding types 


k 


i+, and and 


Am < E < 
excluding type /,.,. Hence to every discontinuity P’ not the last member of 
its sequence we have a succeeding discontinuity of type C, P or P’”’. 
Let us consider the discontinuities as grouped in separate sequences ¢. Un- 
less then in such a sequence a P’ discontinuity terminates the sequence 


Pi -(C,+ P,+ 
Moreover when ¢ is terminated by a discontinuity P’ 
Let t’ be a sequence of 8 terms in which 
(8) P,—(C,+ P,+ Pi) =1. 
Let the final discontinuity be of A’(2) at & corresponding to the initial pair 
(0, &) of the sequence of pairs. Then 


(9) A; , Bz = 


this discontinuity being of type P. Hence the sequence of pairs is non-conser- 
vative. Also no preceding discontinuity can be of types C', C’ or H. Therefore, 


P,+ P+ PL=B, 
and from (8) P.-(P.+P)<1 
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Adding these last equations we find 
B+1 
P= 
so that the sequence, besides being non-conservative, is odd. If W be the num- 
ber of non-conservative odd sequences, then from (7) and (8) 


which is the theorem. 
We proceed to the proof for the case when not both (a) and (8) hold, by 
considering the effect of a slight variation of the 2,’s. 
Let 
(10) (Mos (By &,) 
be the s leading pairs of the sequences of pairs written so that 
(11) AX, = X,= X,:--= 4X, 


and so that if 


then 
Meas 
if X, < A,, and 


if X, > B,. By the definition of conservative and non-conservative sequences, 
it is clear that if we vary Y,, -Y,, ---, -X, in the system of pairs, preserving the 
order relation (11), that conservative sequences remain conservative. 

Choose now so that for 
(12) — X,|<e (o=1, 2, ---, 8) 


the transformed A(x) changes sign at least as often as A(x). Let us then 
make any slight change in the Y,, X,, ---, Y, of the system in accordance 
with (11) and (12). This change does not increase the number of non-conser- 
vative odd sequences of pairs W. If then (a) and (8) hold for some such 


sequence we have for A(2) 


W, 
and hence for A(z ) 
Z, = Z, = W, 

which we desired to prove. 

But the conditions («) and (8) do hold for some such variation system unless 
one of the conditions 
or 
(14) =0 (Ap SX, <t< 
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holds identically in X,, X,, ---, X,. That none of these do hold can be proved 
thus. Rearrange the leading pairs (10) in 


where 


and consider the highest term of (13) and (14) in 


as it appears formally. The coefficient of this term is not zero. 

For in the expression A‘ (2), the « coefficient of this highest formal term is 
some A.. It suffices then to prove that none of the conditions (12) can obtain, 
say that 

A, +0. 
The argument of page 118, § 1, shows that A, does not vanish formally, i. e., 
that no rows or columns are made up of zeros. First differentiate A, in &, to 
the highest formal power. We obtain a number of determinants, each the 


same, and we have 


A 


== di, 


We then proceed in the same way for &,, &,, ---, & in order and find 


)ve 


Precisely as on page 113, $1, 


© 
1 2 ni 


Hence A, + 0 in &,, ---, &. 
THE UNIVERSITY OF CHICAGO, 
October 31, 1905. 


Ky Kot (o=0,1,---,8), 
+1. 


DETERMINATION OF THE ABSTRACT GROUPS OF ORDER ;*yr; 


p; g, BEING DISTINCT PRIMES* 
OLIVER E. GLENN 


Since the publication} in 1899 of Professor MILLER’s “Report on recent 
progress in the theory of groups of finite order,” WrsTERN { has published his 
determination of the groups of order p*g, and Le Vasseur § has discussed the 
order p’g’. This paper is devoted to the determination of all groups of the 
order p*gr. It thus completes the discussion of the problem of groups whose 
orders are products of four primes. || 

With the exception of the group of order 2°-3-5, simply isomorphic with the 
icosahedron-group, all groups of order p*qr are solvable. The maximal self- 
conjugate subgroups will therefore serve as the basis of classification. The 
twelve possible arrangements of the factors of composition are 

(1) ppgr, (2) pprq, (3) papr, (4) parp, (5) prpq, (6) prop, 

(7) gppr, (8) gprp, (9) grpp, (19) rqpp, (11) rppq, (12) rpqp. 
If for a given type of group precisely the arrangements (i), (j), (4), ---, 
of the factors of composition are possible, then we symbolize] the group 
(i, j, k, ---). Two groups having distinct symbols cannot be simply 
isomorphie. 

The group G always contains a maximal invariant subgroup ** of order p’q, 


and may contain maximal subgroups t} of order p*r and pgr. We shall discuss 


* Presented to the American Mathematical Society (New York) February 25, 1905, Received 
for publication July 1, 1905. 

+tBulletin, American Mathematical Society, vol. 1 (1899), p. 227. 

t Proceedings of the London Mathematical Society, vol. 30 (1899), p. 209. 

§ Annales Toulouse, 1903, p. 63. Comptes Rendus, vol. 128 (1899), p. 1152, and 
lithographed book. 

|| HOLDER, Mathematische Annalen, vol. 43 (1893), p. 335. BURNSIDE, Finite Groups, 
p. 81. HoéLpER, Géttinger Nachrichten (1895), p. 211. 

{ Additional abbreviations used throughout are the following : P, Q, -- -, operations of order 
Ps, °**; Hn,i, @ maximal invariant subgroup of G, order h and typei; Po,2z, number of sub- 
groups of G, order h, permutable with &2 ; N,, number of subgroups of G of order h. 

** FROBENIOUS, Berliner Sitzungsberichte, vol. 1 (1895), p. 170. 

tt HOLDER, loc. cit., CoLE and GLOVER, American Journal of Mathematics, vol. 
15 (1893), p. 202 BURNSIDE, Theory of Groups, p. 63. 
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in detail in this paper only two classes of groups: those possessing invariant 
subgroups of both the types 77. and //,,,, and those possessing maximal in- 
variant subgroups of the type //,,. only. A detailed summary of the results 
obtained in the other classes is given at the end. We shall thus be concerned 
principally with the subgroups /7.,(¢ = q, 7) all types of which are given in 
the following table, in which 7 denotes the number of distinct types, while (p) 


signifies (modulo p): 


Sy'SS, S7'S,S, S, Parameters 


p 


a’ =1(p), p=li(ce) 

a? =1(p*), p=1(c) 
a? =1(p), p=l1(c)1 or 
S, p= —1(e) 


s? = = 2. 


$1. Determination of po ;- 

By SyLow’s theorem,} V, = qr/o, p, pgr/e, parle orl. If =1 
then pp , = 1, 2 being any operator of prime order in G. When V,>1, 
the result of transforming the single conjugate set of .V, subgroups 

by © is to permute them among themselves. Hence 


Ji: Jor 


It follows that J/g , =1 and 


(1) N,—Po,g =9(mod @); pp, = 1. 
Next leto=o. Then =(p*’—1)/(p—1)=p+1, and 
(2) p+1— po, = 9 (mod c). 


Hence either pp , = 0 or else pp , =2(@= 9,7). Now if the subgroup J,, of 
H, ; is cyclical the order of its group of isomorphisms is 


Po 
I= 


* Throughout the paper « denotes a non-integral mark of the GF [ p?]. Thus: =1( p) is 
an abbreviation for 7 =1](modd p, P), P being any quadratic function irreducible modulo p. 
tSyYLow, Mathematische Annalen, vol. 5 (1872). 


T 
1 
s, s, 1 
Se 1 
IVS 1 
y se 
vr S, 1 


1906] OF ORDER p’qr; Pp, BEING DISTINCT PRIMES 139 


If J,, is of type [1, 1] its group of isomorphisms is simply isomorphic with the 
congruence group { S,, S,---| of order J= p(p—1)?(p+1), where S, is 


Y, = 4,27, + 4,7,, = 4,2, + (mod p), 
or say 

Since 2 corresponds to an isomorphism of G, { 2 | corresponds to a subgroup 
of the group of isomorphisms of G and w divides 7. Hence when J,, is cyclical, 
or when J, = [1,1] andp=1(c),p,,,=2. But when p = —1(c) and 


} 
p is odd, pp ,= 9. Alsosince py ,=1,J7,, andJ, , may be permutable. If 


S, = (5,2, + + by» 2.) 


the necessary and sufficient conditions that S, S,= S,S, are 


§2. Class (9,10), p>q>r. 
We now consider the groups whose symbol is (9, 10), having the maximal 
and ; (i,j = IV, V, VI). Since is invariant in G the 
existence of a subgroup of type IV excludes the possibility of a subgroup of 


subgroups /7, 


type V or VI, and vice versa. There are thus five cases to consider. 

[1] «=j=IV. Here Z,= { P} is cyclical and P may be regarded as the 
generator of order p’ in both /H-sub-groups. Since p, , = 1, we may choose 
{ R} permutable with Q and, since g>7r, VR = RQ, so that G is defined by 


PY Y= =1, O'PQ=P-, R'"PR= P*, OR=RQ: 
or for brevity G = (a:8:1), where 
at=1, =1(>)*), p=l1(qr), T=1. 
[2] tm Le P:, ={Pi. BR}, 


pr, j 


wherein QR = RQ. We may write 
RP, R= P-, R'P,R = a =1(p), B= a", 
Q'P, Q Pe Ps Q'P.Q 


and from the permutable isomorphisms of J, 
? 


>. 2. We 


* All congruences are taken modulo p unless otherwise indicated 


Q 
Ay, by, 
(3) 6,= = 0,* 5. = = 0, 
a a 
12 21 
d,.= a 0. 
bi, 
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(4) 


Reserving for later treatment the ambiguous case h =] , we deduce a,, = a,,=9. 


Suppose next that 


ROP, R= (i=1, 2). 
Then 
(RQ) = Pasha — (QR)? (QR) = Pe PY, 
(4-7) =9, b,, (a. —y) = 9, =1, 
(0) 


—8) =9, b,,(a,, —8) = 90, 
Thus when A + 1, & + 1 we have one of the two equivalent results 
Ys = 8 or a, = 5, a4, = 
In case h + 1, / =1, the set (5) becomes 
=9, — 7) = 9, 
b.(%,—-y) =9, = 9, 
and there are three possibilities to consider, viz., 
(i) a,#7 5,20, 56,20, 5,40, 56,490, 
(ii) 5,49, 5,49; 
(iii) 


Case (i) implies 


R= Pi, R= 
phe rhe 
contrary to the independence of P; and P’. Likewise, case (ii) is excluded. 
Hence @,, = @,, = 


In a similar manner, when A = 1, + 1, we get a,, = =. 
Next let h = 1, = 1, so that 


Q'P.Q=P (4=1, 2). 


One of the operations ?;, P, must be independent of P,. As y’=1(modp), 
we may assume that P, and ?) are independent. These will generate /,., so 


that 
R= PrP". 


The abelian conditions from J, and J, are [Eq. (8)] 
§,=5,,(a, —6) =9, = = 9, d,, = 4,,6,, = 9. 


Thus three possibilities arise, viz., 


1906] ORDER p*qr; q. ? BEING DISTINCT PRIMES 


(i) a,, = 9, 

(ii) a, +9, 

(iii) ’ 0. 

For (i), let = Ps P, = whence 
PoP” = 


R = = pie, 
(y—8)x=0, (y—S)y=9, 


b,, = 9, 
b,, 0, 


0 


9 


w(b,,—B) = 9, z(a—B)+b,w=0. 
Hence y= 6 and k=1; but as P, are independent, w + 0, b,, = B, 
2+ Band h +1, contrary to hypothesis. Since (ii) is likewise excluded, we 
have a, = b,,= 0, 
Q Ap Q Pp, 
v(a,—7) =9, =9, 
2(B—a)=0, w(b,,—B)=9, 


where #0, Hence when 6=y there results a 


=a. Weare thus led to a single set of defining relations : 


Il 


a =1(p). yi =l(p) (h=1,2,---,r—1; k=1,2,---,q—1), 


or, briefly, say G = (1:70: 0y':20:02':1). Proceeding to the determination 
of 7 we observe that there are, by hypothesis, two subgroups, {/?,}, | P,}> 
both permutable with Q and 72. In any isomorphism of G with itself either 

{P,},{P.} ~} orelse {P,} ~{P,},{P,} ~ {P,}- Hence 
there are two choices of generators of order p. Every element of G is of the 
fom O= Hence QY so that is of order only 
when y = 0(mod ¢) and of order g when « =0(mod 7). Thus the most gen- 
eral operator of order g is Q) = Q’ P' P’, which transforms G in the same man- 
ner as = Similarly 2, = 2’. Employing the new generators 2,, 
P,=P,, P.,= P,, we get 


lence any set of relations involving arbitrary primitive roots ( a", y’) can be 
transformed into the original set. Next let P, = P,, P,,= P,. Then 


(1:70: a0: 00°: 1) ~ (129/70: Oy’: 007: 1) 
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(6) ky = 1 (mod q), he =1(modr). 


The group characterized by is thus isomorphic with [ a, y] when (6) is 
satisfied. Further + equals the number of distinct solutions of (6), e. g., when 
and when is odd, }(qr+q+7+4+1). 
[3] i=VI,j=V. When A+1 we have (j=1, 2). 
Assuming that 
R= P; ROP R= Pi Ps: 
we derive 
0, 
The elimination of #, y, z, w gives 
(j=1, 2), 


whence a, = or Hence a,,, are galoisian imaginaries* and G, for 
i= VI, j= V, does not exist. 

Before considering the ambiguous case h = 1 a few general results must be 
established. 

Let S and 7 be any set of generators of J'., so that G={S,7,Q, BR}. 
We may write 

P, = 8*T", Pi = 
Q7°SQ = O°TQ = SuT™. 


Hence 


= = ST" = 


whence results the eliminant 


= 0(mod p), 


where ¢ = +l. Its expansion gives 


Di, — t( a, + a,, —t)D,, + a5» — ai, + t(a,, —4,,) + 2a,,4,, + 1= 0. 


12 
Now assume S= P,. Then, since p= —1(modq), py, = 0 and we may 
take O'P,Q=Uas T. Then 


* SERRET, Cours d’ Algebre Superieur, cing. ed. (1885), tome 2, sec. 3, chap. 3. See also 
Dickson, Linear Groups, pp 14-19. 
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Ps U* 


0 q 
= = (—a,,)’ = 1(mod p). 


12 


Now —a,, cannot be a primitive root of this congruence; for, if so 
p =1(modq), whereas p=—1(modqg) and It follows that 
= — 1(mod p) and 


D=(a,—tP=0,4, 
This gives {P,U} and 
O°UQ= 
t'P R= R“UR = P§U", 
—1 


and thus, when = 1, 7 = a, & = 0 (mod p). 
Inversely let P, = PU". Then 


and hence h =1. Thus when / = 1 there exists a group 
G={P,,U,Q, =(1:01:-—17 


where =1(p), p=1(r), r=1. Also p=—1(modq) and, in the 
|, =1 (mod p). 

[4] «=V, j= VI. Since r is necessarily an odd prime, the argument of 
[3] again gives for G a single type, G = (1:70: 0y:01:— 1c? + 1:1), with 
y'=1(p). p=1(¢q), Tt=1. Likewise p= —1 (mod r); and (mod p) 
in the p*]. 

[5] «= VI, V1. Employing as in [3] the theory of the determinant 
D) we are led to the same equations (7), viz., 


Q'P,Q=U, 


Let us assume that 


R=P,=P:U'", R7“UR=P:U". 


Then 
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= 0, 
Thus 
Ys 


Since 
> Pr?’ + te 
RP, R= 
so that 


O'R = = P+ 
Since and are independent, y + 0; hence 
(8) + (+4 )y--(G 
(9) 
From the latter we at once derive 

(10) (1 
(11) (4 


There always exist integral solutions of (10) and (11), =e, y 
Thus 

Turorem. The two general types of G characterized by the two distinct 
sets of solutions of (10) and (11), viz. [€,, o, | and [€,, a, | are simply 
isomorphic. 

In proof, o,=—o,, and congruence (8) gives 

Ze, — + 4 po, — t,) =9, + 
Hence the two types of G are characterized by 
ROP R= Pore Pol, 
and 
PSU, ROR = 
Let us select a new operation of order from | e.g. Then 
QR=RQY.Q 


The result of selecting Q’ and (¢,, ¢,) is thus to interchange /?, and U and to 


reproduce the relations given by and (¢,,¢,). Hence ~ 


The quantities ¢, and ¢, are marks of the GF [py] and in that field appertain 


144 
—1 1 2 
D,, = + 0. 
w 


1906] OF ORDER p’qr: BEING DISTINCT PRIMES 145 
respectively to the exponents g and r. Let p be any primitive root in the 
GFT p*]}. It is easy to show that t= 1 and hence we may select * 


= 
thus 
(4% —o:ce:1), 
where 
=p t, =p =1; p= — 1(mod qv’), T= i. 


(4, 2e+ (er +4 
$3. The generating function [hk]. 
Consider the relation 2? = P\U". From it 
u.,—t,u.+u_,=9 


These recurring formule give 


u, = [k],x—[k 


where 


Following are some of the properties of the generating function [A]. 


1 1 1 


(138) 
(14) [9], =9, [1],=1, [—k],= 
(15) 1], = 


$4. Class (10), p> 

We shall consider next groups possessing a single maximal self-conjugate 
subgroup //,,,.; of non-abelian type (i = III, 1V, V, VI). It is readily shown 
that class (10, 12), with i= III, must contain an invariant subgroup IT», 
Class (10) remains to be considered. 

[1] i=I1V. Here = { P.Q} and since { P} is self-conjugate in 
G,R'PR= P*. Since p, , = 1 [Eq. (1)], R*QR= Q. Hence 

(QR)'P (QR) = = (RQ) P( RQ) = PP”, =1(p’*), 
aB(ay-'— 1)=0 (mod p’), y =1 (mod q). 


* Dickson, Linear Groups, p. 13. 
Trans. Am. Math. Soc, 10 


/ 
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Hence {),, P,, R} is self-conjugate in {P,, P,, Y, R} = G, contrary to 


hypothesis. 


[2] i= V. Let P,Q}. Assuming that 


ROP  ROP,R= Pe, 


we deduce 


a,,a(a-'—1)=0, a,,(BY—a)=0, 

a,(a7— 8) =0, 
where =1(p),8=2'. Nowy+#1(modq). Hence 

a,, = 0, =a, ay =a’ (mod p), 
y =h (mod q), av =a (mod p), =1 (mod q). 
But y appertains to the exponent 7» modulo qg, and therefore 2 and 
y=—1(modq). Thus 
RP, R= Ps, d,,4,, = 1 (mod p) 


Then P, = P;", P,, Q, R&R, generate a group of order 2y*q, viz., 
G Alsop=1(q),7=1. 
[3] i= VI. It has been shown [$1], that = +1 (mod?r). 


(a) First let p=1(7). Then p,, = 2 and two subgroups { P,}, | P, } 


may be selected which are permutable with 2. If 
O'P,Q= P,, 
then 
R= re R ‘OR = = 1 (mod 
Since LT is invariant in G we may assume that 
P,= P3, RP R= P:, 
Hence 
(QR)'P, (QR) = Pi Ps (RO) = 
y=[vy]B, 
[2] [v-1] +1, 
[vy] =9. 
Now #9 (modq). Since [—4] = — [/] and 
fy+1]—[yv-—1] —[2] = 0 [Egq. (16)], 


there results y = —1(modq), 7 =(—1) = +1(modq), whencer=2. If 
R'P,R = Ps, then «= +1 (modp), 
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w(—B+=1)=90, 
First let the upper sign hold. If 8 =1, then w= 0 which is impossible, since 
P,, P, ave independent. Hence 8=—1, x =— [2], y=+ [1] =+1. 
Likewise if we use the lower sign, 8=+1,7=+4+[2],y=—[1]=-1. 
We thus obtain the two sets of defining relations : 

(1:01: 4+ 07', +1:—-1). 
To determine 7, let BR, = Rk, P,=P,, Pi there 
results 
{P,, P25 Q,, =(1: 01: —1le? +e": = 10: + [2] [2]: —1). 
But 

+ =F" [2-1], 

| Eq. (15)]. Hence 
Ps, BR, } =(1: 01: — le? + +e), +1:-1)~G. 
Thus the same defining relations are reproduced with « replaced by ¢*, and so 


It will now be proved that these two types are simply isomorphic. Select 
new operators as follows: 


—_ Pu Pr — Pa+[2]> ,-! 
Then using the first set of defining relations we will have 


re 


2u + [2]b=0 (mod p). 
Ilence when a new operator p, = P| 2% is selected, where a and 6 are solutions 
of 24+ ( ++)b = 0 (mod p), the first type is transformed into the second. 
They are therefore isomorphic. 
(b) When p = —1(7), 7 odd, pp, = 9%. As before, we deduce 


QPQ=P, 4=1(p), 
R“P,R=P,,  %=1(p), 


Let Pp = Ps Pi and ROP, R= P,=P: Ps. Then 


In addition to the latter, but not independent of them, we have the congruences 


derived from 
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(18) (QR)"P1(QR) = (RQ) Py RQ). 
The equations (17) and (18) give us the dialytic eliminant 

{ + te} { + +1 j 1)(q" 1) }? =0. 
Now [vy], is an integer, and since r+ 2, and y+ —1, it follows that 
y = 1(mod ¢), contrary to hypothesis. Hence when p =— 1 (mod 7r) and r is 
odd, no corresponding group G exists. 

The results of this section may be summarized in the following 

TuEeoremM. A group G,(p>q> 7) aways contains a maximal self- 
conjugate subgroup H of order p’q. If H is the only maximal invariant 
subgroup of G and if r is odd, then N,=1 and H is necessarily abelian. 
If r is even (vy = 2) and p=1 (mod q) there exists one type whose subgroup 
HT, », is non-abelian, and if r is even and p= —1 (mod q) there exists a 
second type possessing a non-abelian I,. These two types of G contain 
respectively q and pq operators (and subgroups) of order 2, and in each type 
N, =p’. Moreover, with exception of the two types just described, every 
group of order p’qr(p>q>r), in which N,=9 (mod q), possesses an 
abelian maximal self-conjugate subgroup H,,,. 

A general summary of all the existent types of G follows. Except for + 
and p,every parameter occurring in the tables is an integer ; while « and p are 
marks of the G/’[ p*]. See footnote on the second page of the paper. 
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Case (b). R“QR= =1(¢). 


Class. Q"P,2 @Q@'P.Q R'P,R R-'P,R Parameters. Arith. rel. 


(256101112) P A h=1 qg=1(r) 
h=1,2---r—1 
[56 101112) A 1(p) p=q=1(r) 
A=1,2---r—1 
[101112] a’ 1(p’) p=q=1(*) 
a’ = 1(p) p=q=1(r) 
h=1,2---r—1 
Uv =1(p) 
h=1,y=-1 


Pore t p= —1(r) r— 1 


> 7-1 


TaBLE 2. g>p>r. 


I,, non-cyclical; P? = =1(i=1,2), P,P,=P,P,, RP,=P,R, 
eyclical; P# = =1, RP, = P,R. 


Class. P'QP, Pr'QP, R'QR R"'P,R Parameters. Arith. Rel. 


[1234561112], @* Q a” =1(¢q) q=1(p) 
[12511] . Q g=1(p’) 
[1112] 'Sy=1(q) g=1(pr) 

[11] *“SY=1(q) g=1(p’r) 
[1251112] Q a’ =1(q) q=1(p) 
[251112] g=1(pr) 


Qv g=1(pr) 


[561112] &=1(p) p=l(r) 
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TaBLE 38. g>r>>p. 


Case (a). 


non-cyclical; PP = Y= =1(i=1,2), PP,=P,P,, RQ=QR, 
eyclical; QR=RQ. 


Class. Pr'QP, Pr'QP, Py'RP, Pr'RP,| Parameters. Arith. Rel. 


[12345678] Re 
[1237] Re 


[123456] 


[125] 


[12345678] Q 
[123] Q 
[1235] Q 


Case (b). The simple group p= 2, q=5, r=38. 


50 


Q@=1, P=1, [R=QP]. 


1906] ee 151 
r 
a? =1(r) r=1(p) 1 
a®=1(r) r=1(p*) 1 
a’ =1(¢) 
= 1(r) g=r=l1(p) p-1 
wel(q) 
BP=1(r) r=l1(p) 
”=1(¢) r =1(p*) 
[12] ‘ ‘ = 1(r) q=r=1(p’) 
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NOTE ON THE DIFFERENTIAL INVARIANTS OF A SURFACE 


AND OF SPACE* 
BY 
CHARLES NELSON HASKINS 


Forsytu + has recently discussed at some length the construction and the 
geometric meaning of the differential invariants of a surface and of space, i. e., 
the differential invariants of binary quadratic differential forms and of ternary 
quadratic differential forms of class zero. 

It may not be amiss to point out that the methods of Ricci’s ¢ Absolute Differ- 
ential Calculus render unnecessary much of the complicated calculation which 
occupies so large a part of ForsyTH’s memoirs on this subject, and which, in 
his opinion § offers an insuperable obstacle to further progress by the methods 
he has used. 

The problem of the determination of the invariants of quadratic differential 
forms consists of two parts: first, the reduction of the problem to one in the 
theory of the projective invariants of algebraic forms; and second, the solution 
of the problem thus reduced. Now the first and more difficult of these two 
problems has been solved once for all by the introduction by CHRISTOFFEL 
and Ricci ¥ of the process of covariantive differentiation. ForsyTH has recog- 
nized the double nature of the problem, and has devoted a considerable por- 
tion of his memoirs on the subject to the solution of the first part as a necessary 
prelude to the investigation of the second part. This solution, by means of 
partial differential equations, he has carried ont with much skill, although ham- 
pered by the use of the wholly unsuitable notation of Zorawsk1 * which effec- 
tually conceals the greater part of the symmetry of the problem. The result 
of this part of his work is the introduction of new variables which differ but 


* Presented to the Society at the Williamstown summer meeting September 8, 1905. Received 
for publication October 1, 1905. 

+ Forsytu, Philosophical Transactions, series A, vol. 201 (1903), pp. 329-403 ; series 
A, vol. 202 (1903), pp. 277-333. 

t Riect and Levi-Crvita, Mathematische Annalen, vol. 54 (1900), pp. 125-201. 

§ ForsyTH, loc. cit., vol. 202, p. 304. 

|| CHRISTOFFEL, Crelle’s Journal, vol. 70 (1869), p. 46. 

Riccr and loc. cit., p. 138. 

* ZoRAWSKI, Acta Mathematica, vol. 16 (1892), p. 1. 
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slightly from the multiple-index symbols of CHRISTOFFEL and the covariant 
derivatives of Ricci. 

This result could, however, have been foreseen, and the reduction to the 
algebraic problem immediately written down, by making use of a theorem due 
to Ricct. * 

As to the details of Forsytn’s work the following may be said : 

(1) The fundamental magnitudes P, QY, R, 2,8, 7, 5, ef are simple 
combinations of covariant derivatives of the fundamental magnitudes L, /, .V. 
The new relations ¢ between the magnitudes L, M, V: P, Q, &, S and the 
quantities /', /’, G and their derivatives are but the first of a series of such 
relations, infinite in number, which are directly obtainable by successive covari- 
antive differentiation of the relation of Gauss, 


LN— M* 


= (a= EG—F? ). 
EG — F° 


The invariant of order three which ForsyTH § obtains as a solution of twenty- 
eight partial differential equations is, if use is made of the five-index symbols 
(12, 121), (12, 122), immediately obtainable as an invariant of the forms || 


(F,F,@)(* 
((12, 121), (12, 122))( 


(2) In the determination of the invariants, or rather differential parameters, 
of the third order for the ternary form, ForsyTH introduces new variables a’, 
ete., which are closely related to the covariant derivatives of the function ¢. 
The resulting equations are then simplified by the use of the fact that the four- 
index symbols, or the quantities 0,, ---,@,, which differ from them by the factor 


only, vanish because the form is of class zero, i. e., reducible to the type 
dx* + dy>+d294. Had the covariant derivatives instead of the functions a”’, 
ete., been used this restrictive simplification would have been unnecessary. 


* Ricci and LEvI-CivirA. loc. cit., p. 162. 

+ ForsyTH, loc. cit., vol. 201, p. 334. 

ForsytT#, loc. cit., vol. 201, p. 401. 

§ ForsyTH, loc. cit., vol. 201, p. 399. 

|| Cf. HASKINS, these Transactions, vol. 3 (1902), p. 87. The invariant in question isa 
solution of the four equations (28) there given. 

| ForsYTH, loc. cit., vol. 202, p. 317. 


(12,12) 
ah gq 
g fe 
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Forsytu’s work on the ternary form in so far as it relates to the reduction of 
the problem to one in algebraic forms, has been wholly anticipated by Ricct* 
who has shown that for the unrestricted form, the invariants and parameters 
sought are invariants of the system consisting of the fundamental form ds’, 
the forms whose coefficients are the covariant derivatives of ¢, and a form whose 
coefficients a, form the covariant system reciprocal to the contravariant system 


_ 1,s +2) 


ay a, a 


33 | 
NEW BEDFORD, Mass., 
August 27, 1905. 


* Ricci and LevI-CiviTA, loc. cit., pp. 162, 163. 
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ON IMPROPER MULTIPLE INTEGRALS” 
BY 
JAMES PIERPONT 
§ 1. Introduction. 
Two types of definitions of improper integrals 
(1) 


have been employed up to the present. The first, going back to Riemann, 
Caucny, and in germ still farther, considers (1) as the limit of 


| (aye dB, $=, 


where ¥ is a limited partial field of 2 in which / is finite. The most general 
form of this type of definition is perhaps found in the writings of JORDAN. 

The other type of definition is due to VALLEE-Poussin $. Here a truncated 
function /,,,,,,(#,, is introduced, whose value lies between two arbitrary 
numbers — ”,,,. The integral (1) is now defined as the limit of 


when n,, ”, == 0. 

In both the writings of JorDAN and VALLEE-Poussin the field of integration 
YX is more or less restricted. The theory of JORDAN requires Y{ to have inner 
points; moreover much of it is essentially limited to measurable fields. The 
fields considered by VALLE&E-PoussiIN are even more restricted. However, a 
considerable portion of his work can be greatly extended without trouble. 

In my paper On Multiple Integrals§ and more fully in my book ||, I have 
developed a theory of proper integrals in which the field of integration 2, is any 
* Presented to the Society October 29, 1905. Received for publication November 20, 1905. 

t Journal de Mathématiques, ser. 4, vol. 8 (1892), p. 69. Also in his Cours d’ Analyse, 
vol. 2 (1894), pp. 46-95. 

{Journal de Mathematiques, ser. 4, vol. 8 (1892), p. 401. 

2 These Tranegactions, vol. 6 (1905), p. 416. 

| Lectures on the Theory of Functions of Real Variables, vol. 1, Ginn and Co., 1905. I shall 


refer to thisas Lectures. Readers not having this work at hand, will find the definitions and 
theorems in the paper just mentioned, although less fully developed. 
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limited aggregate. In the present paper I wish to extend this theory to the 
case of improper integrals, the field 2{ being limited, or not. For the conveni- 
ence of the reader I shall however treat first the case that is finite. 


PART I. 
FINITE FIELD OF INTEGRATION. 
§ 2. Preliminary definitions and theorems. 


In the following we shall suppose that one definite value is assigned to the 
integrand /(#,,---, #,,) at each point of the field of integration Y; in such a 
manner, however, that the points of infinite discontinuity * of f form a discrete 
aggregate J, i. e., an aggregate of content zero. The points 3 we shall call 
singular points. Without incurring a loss of generality we may suppose they 
lie in Y. 

In Lectures, p. 521, the terms cell and division of norm & of an aggregate 
% have been defined. In case 9{ embraces all the points of an m-way space ji, 
it will be convenient in the following to limit slightly the nature of these cells 
by imposing the condition that each cell is complete. If now A be such a 
division of space of norm 6 and Y an arbitrary limited aggregate, H, will denote 
as heretofore those cells containing points of 9{. The same symbol may, with- 
out ambiguity, denote the content of such cells. Obviously no point of Y can 


lie on the frontier of %,, because it would then lie in a cell of A not in Y%,, 


which is a contradiction. 

It is sometimes convenient to subtract an aggregate B from another aggre- 
gate Y containing %, in the following manner. If Y contains limiting points 
lying on the frontier of both and — we add them to 9% — when not 
already present, and denote the result by YX ~ B. 

Another notion which we shall have to employ is the following. Let YX, B 
be any two aggregates. The points of % in B, we denote by %;, while % ~ X; 
we denote by UX;. The aggregate 3 which we have thus used to separate 9 into 


the two classes Y,, YM; is called the modulus. If we wish to denote which mod- 
ulus is used in forming %,, 2;, a symbol as 


mod 


will be added. In separating YI into YU, and ;, frontier points not in the fron- 
tier of Y{ will usually be introduced. These frontier points common to YI; and 
4; may be called the new frontier. 

If XY, B are two aggregates such that 


oo 5 
dist (A, B)>0 
we shall say + that 2 is exterior to B, or ¥ is exterior to Y. 


* Lectures, p. 212. 
t Lectures, p. 514. 
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Let 8 be a partial aggregate of 1. If the common frontier of B and Y%— B 
is discrete we shall say * that B is an unmixed partial aggregate of X. 

If % is such that for some division A, %; is measurable, we shall say that I 
is relatively measurable. 

For brevity let us denote the frontier of an aggregate I by 

front 

THEOREM 1. Let & be a limited complete aggregate. Let A be a division 
of space. Then YX is an inner aggregate t of A,. 

For if not, the distance between the frontiers of 9{ and 9, would be 0. But 
% and Xf, being complete, a point of % must lie on the frontier of X,, which is 
impossible. 

THeorEM 2. Let A be a division of norms. Let A, B be limited aggre- 
gates. Then, X;, mod B, form an unmixed division § of UX. If A is com- 
plete, so are A;, U5. 

For all the points common to %;, %; lie on the frontier ¥ of B,. But F is 
discrete. Hence these common frontier points are discrete. Moreover the 
common frontier points of A,, A; lie on ¥. The rest of the theorem is obvious. 

THEOREM 3. Let A, H be two divisions of space of norms 6,7. Let © 
denote the common points of U,, X,, mod B; whilea=A,;~C, b= A, ~C. 
Then a, © and 6, © are unmixed divisions of U;, U,, respectively. 

For let f, g denote the new frontier of Y;, X,. Then the common frontier 
points of a, © must lie in f, g, and these last are discrete. Moreover the points 
common to a, € also lie inf, g. Hence a, © is an unmixed division of Y;. 

THeorEM 4. Let f(x,,---, be limited in Let B, be an unmixed 
partial aggregate of X such that lim cont 8, =H. Then 


(1) 


For let | |= Win YA. Also let = %—Y%,. Then || 


f | =M cont G, 


is evanescent with w. Hence, passing to the limit « = 0 in (2), we get (1). 
* Lectures, p. 519. 
t Lectures, p. 515. 
t Lectures, p. 514. 
§ Lectures, p. 519. 
|| Lectures, p. 534. 
" Lectures, p. 535. 


(2) [= | [. 

But 
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§ 3. Definition of an improper integral. 


Let f(,, +--+, #,,) be defined over the limited field 2, while 3 denotes the 
singular points as in §2. Let A denote a division of space of norm 6. Then 
J is limited in Y;, mod 3, by theorem 1. Hence f admits* an upper and 


a lower integral in Y;, 
f 


The limits 


are called the upper and lower integrals of f in X. They are denoted by 


(2) | fa, 


or more shortly by 


fr fr 


When the limits (1) are finite, the corresponding integrals (2) are convergent ; 
we also say then that f admits an upper and a lower integral in I. 
Suppose now that / is integrable in any Y;, the limit 


(3) lim | 


is called the integral of f in A, and is denoted by 


When the limit (3) is finite we say (4) is convergent ; we also say in this case 
that is integrable in 

Let us compare these definitions with those of Jorpan.} We observe that 
the fields 8 of the auxiliary integrals employed in Jorpan’s definitions are 
inner, complete and measurable partial aggregates of %; whereas in the defini- 
tions just given, none of these restrictions enter unless fulfilled of themselves, 
by the nature of %{. To justify such restrictions some inner or inherent reasons 
should exist. However this may be in the case that the field of integration 
is itself measurable, such reasons certainly do not exist when Y is not measur- 
able, as we shall see. But we can go even farther. Theoretically, fields of 
integration % which admit partial fields B of the type required by JoRDAN 


* Lectures, pp. 510, 528. 
t Cours d’ Analyse, vol. 2, p. 76. 
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must be regarded as exceptions. If, therefore, we are to develop a theory of 
integration applicable to any field, JoRDAN’s restrictions on the fields 4 must be 
abandoned. 

THEoreEM 5.* For f to admit an upper integral in X, it is necessary and 
sufficient that for each e>9, there exists a division A of norm 6, such that 


(5) <e 


for any unmixed partial aggregate 8 in A;, exterior to >. 
It is necessary. For, by hypothesis, for any e’ <e, 


® 


for any divisions A, 7 of norms 6,7 <6,. On the division A let us super- 
impose a division of norm 7, formed by dividing the cells 6, of YX; into smaller 


cells. Those subcells of 6, containing only points of Y{ belonging to B, let us 
group together into a single cell 5’. The other points of 6, form a cell 8’’, 
Thus each cell 6, falls into two cells 5), 8;’.. Let 4 be the division which splits 
up the cells 8, in this way. Let // be the division formed by superimposing / 
on A. Let %, denote the points of 8 in the cells 6’. Then 


e e e 


This in (6) gives 


Let now 7 =0. Obviously 


Hence by theorem 4 
<€ 
which is (5). 

It is sufficient. For, suppose the relation (5) is satisfied for the division A. 
Let /7, H’ be two other divisions of norms 7, 7’. Let © denote the common 
points of while a=A%,~C,a =A,,~C€. Then if 7’ are taken 
sufficiently small, say < ,, a, a’ will lie in %;. We have now 


* A similar theorem holds for the lower integral. 


Hence 


| 
cont 8, = 3. 
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The integrals 


are respectively the upper and lower singular integrals, of norm 6. 
Let H be a division of norm. Let B=Y%;. The points of B, we shall 


also denote by %; ,. 
The integrals 

ffs 


will be called the incomplete singular integrals. In contradistinction the former 
may be called complete. From theorem 5 we have at once: 

THEOREM 6. For f to admit an upper or lower integral in Y, it is neces- 
sary and sufficient that the corresponding singular integral, complete or incom- 


plete, is evanescent with its norm. 


$4. Elementary properties of improper integrals. 


THEorREM 7.* Jf f admits an upper integral in YU, it admits an upper in- 
tegral in any unmixed partial aggregate 8 of A. Moreover, for each a> 9, 
there exists a 8,, such that 


(1) <e, 
if Blies 6. 

To show the convergence of the upper integral of 7 in 8, we need only show 
that for any division /7 of norm n = »,, 


But B; is an unmixed partial aggregate of ;. We can now apply theorem 5. 
The second half of theorem also follows from theorem 5. For there exists a 
division A of norm 6, such that for any 0 <0’ <o 


| <o. 


Passing to the limit 6 = 0 we get (1). 
Tueorem 8.* Jf f admits an upper integral in A, there exists for each 


e>0,aa>0, such that 


* A similar theorem holds for the lower integral. 


fe 

™ 
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for any partial unmixed aggregate 8 of A, whose upper content does not 
exceed a. 


For, by theorem 7, there exists a division A such that 


Now / being limited in %,, let | f| = Win Then 


= M cont 8; = 


Let us take 


Then 


€ 
| = + | 


THEOREM 9.* Let %,, %,,---,U, be an unmixed division of UX. Tf fF 
admits an upper integral in or in the fields U 


f+ 


For, suppose f admits an upper integral in the partial fields 9,, ---, %,. Let 
A be a division of norm 6. Then %, ;, ---, 5, ave unmixed divisions of Y,. 


Hence + 


Since by hypothesis the limits on the right for 6 = 0 exist we have (2) on pass- 
ing to the limit in (3). If we suppose, secondly, that f admits an upper inte- 
gral in Y, it admits an upper integral in each of the fields 2, by theorem 7, 
and we are brought back to the case just treated. 
By a similar passage to the limit, a number of theorems analogous to theorems 
in proper integrals may be at once established. For example the followin 
THeoreM 10.* Let fi, 
= Then 


admit upper integrals in YU. Let 


* A similar theorem holds for the lower integrals. 
r Lectures, p- 534. 


“OM? 
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TueoreM 11.* Jf <0 and f admits a lower or an upper integral in 


THEOREM 12.* Let f, g admit upper integrals in. If f=g except at 
points of a discrete aggregate, 
Jo 


THEOREM 13.* Let f, g admit upper integrals in UX and let f = g except 
at points of a discrete aggregate. Then 


{r= 


THEOREM 14.* Let f admit an upper integral in UA. Let B, be an 
unmixed partial aggregate of A such that cont B, = H,asu0. Then 


S=lim | f. 


a u=0 


Cy 
We pass now to the limit « = 0, using theorem 8. 
THeoreM 15.* Let f=O0inYA. Let B,, B,,---, be a sequence of unmixed 


partial aggregates of , exterior to }, such 1° that each B, contains the pre- 
ceding B,_, and 2° that lim 8, =A. Then f admits an upper integral in U ; 


For, setting €, = A — B, 


moreover 
(3) 
n=2 
provided the integrals on the right remain tess than some fixed M. 
Without loss of generality, we may suppose that any given 2, lies in some B. , 
n being taken large enough. In fact the points in Y{, not in some B, must be 


discrete. If we add them to ¥_, the integral on the right of (3) remains unal- 
tered. Next we observe that the limit on the right of (3) must exist, since 


fo 


is a limited monotone increasing sequence. Hence 


* A similar theorem holds for the lower integral. 


| 
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(4) (y>n) 


if n is taken sufficiently large. 
Now to show that f admits an upper integral in 2, we have only to show 
that for some 7,, 


(5) <« 


But let us take 7, so small that Y,, %,, both contain B,, while v is taken so 
large that B, contain Y,, U,,. Then (5) follows at once from (4). Thus f 
admits an upper integral in &. The rest of the theorem follows from 
theorem 14. ; 

§5. Absolutely convergent improper integrals. 


THEOREM 16. Let the upper integral of | f'\ in U be convergent. Then the 
lower integral of | f'| and the lower and upper integrals of f are convergent 


in 


For, in any Y;, 
Thus by theorem 15, the lower integral of | f| in 2 is convergent. 
For brevity let us set XY, = B. Then for any division 77, of norm , 


fir 


But we may take 6 so small that the integral on the right is <e. Hence by 
theorem 6, the upper integral of f is convergent in 2%. Similarly, the lower 
integral of f is convergent. 

When the integrals 


firs fire 


are convergent, the corresponding integrals 


fr fn fer 


are said to be absolutely convergent. 

TuHEorEM 17. Let the upper integral of f in U be absolutely convergent. 
Then the upper intearal of f in any* partial field B of UX is absolutely 
convergent. 


* The reader should note that 8 is not necessarily an unmixed partial aggregate of 2. 
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For, by hypothesis, 
| I \|<e 


But, by Lectures, p. 535, 


Hence by theorem 6, | /| admits an upper integral in B. 
A number of theorems follow directly now, on passing to the limit, from the 

corresponding theorems on proper integrals. We note the following : 
TueoreM 18. Let the upper integral of f in A be absolutely convergent. 


Then 


= fr 


THEOREM 19. Let the upper integral of f in A be absolutely convergent. 
Then 


For, from 


we have 


THEOREM 20. Let the upper integral of f in be absolutely convergent. 


Then 


THEOREM 21. Let % be relatively measurable. If 
| 
ave both convergent, they are absolutely convergent. 
For,* let g =f when f> 0, and 0 when f=0. Let 4 = —f when f<0, 
and 0 when f = 0. Then 


=gth. 


Thus the upper integral of || will be convergent, if the upper integrals of ¢ 
and h are. Let us show the upper integral of ¢ is convergent in A. Since 


* Cf. JORDAN, Cours d’ Analyse, vol. 2, p. 78, 4 76. 


= fr = fur 

fii frsfis 

vis fir 
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is relatively measurable, there exists a division A such that 3 = YI; is measur- 
able. Let // be a division of 8 of norm 7. Then employing the customary 
notation, we can choose 7, so small that 


ee... 
(1) 0=> | I<o 
« e 
the summation extending over those cells 6, of /7 containing points of B,. 
But 


Hence (1) gives 


Le 


Since each term in the bracket is = 0, this relation is still true when the sum- 
mation is extended over only a part of the cells 6,. Let now 6, denote those 


t 


cells in which f> 0 at some point in each of them. Then (2) gives 
€ 
t 


Let V, denote the maximum of g in 6,.. Then 


J = 


by Lectures, p. 530. But in 6,, V, = Hence 


€ 


where © is the sum of the cells 6,. 
By theorem 7 we can take 6 so small that the integral on the right is numeri- 


cally <e/2. Then 


Hence the upper integral of g in 9 is convergent by theorem 6. 
To show that the upper integral of A is convergent in 9 we need only observe 


that 
[f= 


the integral on the right being convergent by hypothesis. But the foregoing 
reasoning on f and g is obviously applicable to —f and h. 
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To show now that the upper integral of | /| in % is convergent, we observe 


that 
[ot h<e (6=4), 


if 5, is taken small enough. 

From theorems 16 and 21 we have: 

Tueorem 22. For the upper and lower integrals over a measurable field 
% to be simultaneously convergent, it is necessary and sufficient that the upper 
integral is absolutely convergent in YX. 

THeoreM 23. For f to be integrable in the relatively measurable field X, 
it is necessary and sufficient that f is absolutely integrable in YX. 


$5. Reduction of multiple integrals to multiply iterated integrals. 


Let us adopt the notation of Lectures, pp. 524, 525, dropping for brevity the 
index « from w,, r,, X,, With respect to as modulus, any division 
of space of norm 6 divides each a and 43 into two sets a;, a;, Bs, B35, just as it 
divides the given aggregate into 

We wish now to introduce a division of space which we shall call cylindrical. 
Let D be any division of norm d, of the plane Il. Through the frontier of the 
cells of D we pass lines parallel to the x axis, generating a system of cylinders. 
These cylinders may now be divided up in any way, so as to effect a division A 
of space of norm 6=d. In particular, whenever desirable, we may suppose 
these cylinders divided by passing planes perpendicular to the x axis, effecting 
thereby any prescribed division of the 2 axis. Instead of starting with a 
division of the plane I], we may start with a division of the axis a. 

We have now to consider more carefully how the integrals 


(1) | Ss | 
e/a a 
converge.* Let 
(2) 
be a sequence of cylindrical divisions of norms 6,, 6,,---+=0. If for each 
0 <e<1, there exists an m, such that, for each » in r 
(4) 


for any x = m, we shall say that 
y 


(5) fr 


is uniform inx. Similar definitions apply to the other integrals (1). 


* Cf. VALLEE-PouSSIN, loc. cit., p. 435 seq. 
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Let »d, be a discrete partial aggregate of r depending one. Let D be a 
division of the x axis of norm d, into intervals. Let r, denote those points of 
r which lie in intervals containing no point of ),, while r; may denote the other 
points of r. If for each e, the inequalities (4) hold while x ranges over r,, D 
being taken at pleasure but fixed, we say that (5) is regular in r. Similar 
definitions apply to the other integrals in (1). 

For brevity we shall replace the symbols , ,--- by B.,---. The 
points of 2, YX, whose projections fall in r,, we denote by Y,, %,.. In gen- 
eral, the projection r, of 98, on the x axis will not embrace all the points of r. 
When this is the case we may adjoin a discrete set of points to our field of 
integration 2, whose projections are the missing points of r. At these new 
points we may give f the value of 0. In doing this we have changed neither 
the value nor the character of the integrals involved. We may therefore suppose 
r, =r without loss of generality. Obviously similar remarks apply to the other 
integrals of (1). 

THEOREM 24. Jf one of the integrals (1) is uniform, it is limited. 

For example, suppose (5) is uniform in r. Then there exists an m, such that 


But f being limited in %, the integral on the right is numerically less than 


=| +e <8). 
Em 


m 


some J. Hence 
(6) <M+1,inr. 


THeorEM 25. Let one of the integrals (1) be regular. Then its points of 
infinite discontinuity i form a discrete aggregate. 

For example, let (5) be regular inr. Then (6) holds in r,, however D be 
chosen. Suppose now i were not discrete. Then 


ip 


where » is some positive number. We can choose J such that 


which is a contradiction, since 


Yep 


THEOREM 26. Let f admit an upper and lower integral in the measurable 
field U. Let the integrals * 


(T) 


* If only one of these integrals is uniform the term involving the other will drop out of (8). 


Jy, 
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168 
be uniform iny. Then 


(8) 
For, since (7) are uniform, for each ¢ > 0 there exists an m such that for any 


= mM 


Hence, by Lectures, p. 535, 


But by Lectures, p. 538, 


er 


Hence, A denoting a positive constant, 
2 np 


—eA+ | = 


The relation (8) follows now from theorem 14, on pass- 


Ase=0,n=2 
Let f admit a lower and upper integral in the measurable 


ing to the limit. 
THEOREM 27. 

Let the integrals 


field 
Then 


fraf 


be reqular and admit lower and upper integrals in x. 


evr 


(9) 
For the reasoning of theorem 26 shows that for each e, 


f =f f=f +e 


ln, € = 


Let n=2. Then by theorem 14 


fof 


= 


for any n =m. 


Letting now d = 0, we have (9), since ¢€ is small at pleasure 


* Cf. footnote to theorem 26. 


- 
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The theorems 26, 27 may be modified in a variety of ways which the atten- 
tive reader will readily perceive. For lack of space, we must leave them 
unmentioned, excepting one important case, which results in replacing the 
integrals 


The whole theory of inversion in multiply iterated integrals is a consequence of 
these relations, too obvious to need farther development. 
PART II. 
INFINITE FIELD OF INTEGRATION. 
$6. Definitions. Elementary properties. 


Let 9 be an unlimited point aggregate over which the one valued function 
is defined. 
Let 2 denote the points of 2 whose distance from the origin is = r while 1’ 


may denote the other points of %. Let the singular points A of f be discrete 


fy 


in any %. Let 


be convergent in any limited unmixed partial aggregate a in I. 
Let " denote a limited unmixed partial aggregate containing at least all the 
points of 2, and in general other points of %. If 


(1) lim 


r=D 


exists, finite or infinite, we denote it by 


(2) fr 


and call it the upper integral of f in%. When (1) is finite we say (2) is con- 
vergent in MN, and f admits an upper integral in X. Ina similar manner we 
define the symbols 


f (Cf. $8). 


THEOREM 28.* For f to admit an upper integral in YX, it is necessary and 


* A similar theorem holds for the lower integral. 


| by J. 

| 
. 

| 
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sufficient that for each «>, there exists an r, such that 


<e 


for any unmixed partial aggregate B of 

The demonstration is obvious. A large number of theorems for improper 
integrals, whose field of integration 9 is limited, hold also when % is unlimited. 
So, for example, the theorems 9 to 13 and 16 to 23 inclusive. It is, of course, 
necessary to define the terms measurable, unmixed and discrete, for unlimited 
aggregates. This we do by simply requiring that these properties hold in any 
4%. The theorems 14, 15, also hold, if their enunciation is slightly modified. 


§ 7. Iterated integrals. 


Either or both the projections r, X, may be unlimited. To fix the ideas, let 
r be limited. We shall say that 


fr 


is uniform in r, provided: 


(2) fr 


is uniform in r for any 7. 
2°. For each «> 0, there exists an 7,, such that 


(3) <e 


for any point of r. 

We shall say that (1) is regular in r, provided : 

1°. The integral (2) is regular in r for any r. 

2°. The relation (3) holds in r,, the division ) being chosen at pleasure. 
Cf. § 5. 


Similar definitions hold for the other integrals in 


fn fer 


When X is limited, r being unlimited, we have similar definitions for the integrals 


fy 


with respect to X. 


A 
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Obviously the theorems 24, 25 hold in the present case, when r or X is limited. 
The extension of theorem 26, 27 to the case that either r or X or both are 
unlimited presents no difficulty. To indicate how this may be done, we enunci- 
ate and prove the following two theorems. 

THEOREM 29. Let f admit lower and upper integrals in the infinite meas- 
urable field UX, whose projection x is limited. Let 


be uniform iny. Then 
(5) 
If x is also infinite the relation (5) still holds if the integrals (4) are uniform 


in any x, and admit lower and upper integrals in r. 
Let us suppose first that r is limited. Since (4) are uniform, 


Hence 


SS 


Then by theorem 26, A denoting a positive constant, 


-a+f=f f=f +e. 


Letting «= 0, and cc we get (5). 
Suppose now r infinite. The relation (5) holding for any limited r, holds in 
the limit, when r is infinite, since all the integrals involved exist by hypothesis. 
THEOREM 30. Let f admit lower and upper integrals in the infinite meus- 
urable field A, whose projection x is limited. Let 


(6) 
be regular, and admit lower and upper integrals iny. Then 


(7) freffrsf [refer 


If x is also infinite, the relation (7) still holds, if the integrals (6) are regular 
in any x, and admit lower and upper integrals in x. 


fr 
| 
{=| +e <€). 
/ t, 
fei 
Jt, 
\ \ 
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Let us suppose first that r is /imited. Then by hypothesis 


for any point of r,.- Hence 


€ - € 


Then by theorem 27, 


where A is some positive constant. 
Letting = we get 


f=f +e. 


o/ r, t 
€ = = € 


Letting d, the norm of the division )) of the # axis =0, we get (7). The 
vase that r is infinite is obtained now by a passage to the limit, as in theorem 29. 

The theory of inversion of iterated integrals having unlimited fields of inte- 
gration 1 is contained in the theorems 29, 30, and analogous theorems which as 
remarked in §5 may be readily deduced by reasoning similar to that employed 
to establish the theorems just cited. Lack of space requires their suppression 
here. 

$8. Transformation of the variables. 
Let D be a discrete partial aggregate of the region 2. Let 


qT: 9, (7, =, (J= Det T),* 


be regular in any inner partial region of 72, exterior to J). Let D the image of 
D, also be diserete. We shall say that the transformation 7’ is semi-regular in 
2. At the points of )), J may vanish and the correspondence between ) and 


D may cease to be uniform. Moreover the ¢’s and J may have points of finite 
or infinite discontinuity in J. The points D are called the critical points of 
TueoreM 31.+ Let 


define a semi-regular transformation in the region R, whose critical points 


* The determinant of 7 may be denoted by Det T 
} Asimilar theorem holds for the lower integrals. 


+e (|€7|<€) 
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wecall D. Let X be an inner aggregate of LR and let X be its image. 
the singular points of f lie in D, the image of D. Then 


provided either integral exists. 

To fix the ideas, let the integral on the right exist. The reasoning we employ * 
applies to the other case. For simplicity let us introduce the following notation : 
A symbol as 9" _, will denote a partial unmixed aggregate of \7 exterior to the 
critical points such that 


cont 1° — cont A, , = d. 


We have to show, therefore, that having chosen ¢€, 7, there exists a 7, such that 


(2) 


for any =r, andd=d,. 
Now by hypothesis there exists a pair s,, ¢,, such that 


(3) 


for any s=s,,e=e,. Let U be one of the fields XY, _, taken at pleasure, but 
then fixed. ‘Let Ul be its image. Let no point of 1| be at a distance > 7, from 
the origin. Let 3 denote the union of X,,, and U,r=r,. Let V=3—X,,. 
Then 


(4) 


The image Z of 3 contains UV and this is a field of the type Y,,. Hence 
by (3) 


(9) | [+e 
/Z /X 


Moreover, by Lectures, p. 554, 


(6) 


Finally, 11 being a fixed field, f is limited in 11, and hence in B. But 
cont ¥=0,asd=0. Hence for some d,, 


(7) | < 


*Cf. JORDAN, Cours, vol. 2, pp. 84-86. 
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t 
)y 
_€ 
= <2: 
JX 
= 4 
3 e Xr e/! 
(le ‘ 
€ 
9°? 
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for any d=d,. Thus (4), (5), (6), (7), give (2), which was to be shown. 
There are many variations of the preceding theorem; we mention only the 
following : 
THeoreM 32.* Let A be a discrete partial aggregate of the measurable 
field Let 


T: Vy = Py (bys t,,) (Det T=J), 


be regular in any inner unmixed region in T, exterior to A. Let the image 
X of T be measurable and the image EF of A be discrete. Let the singular 
points of liein B. Then 


[ fie, J\dt,---dt,, 


provided either integral exists. 
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*A similar theorem holds for the lower integral. 
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